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Abstract. In this paper, we discuss the Wedderburn decompositions of the
semisimple group algebras of all groups up to order 120. More precisely, we
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algebras of 26 non-metabelian groups.

Keywords: Unit group, Finite field, Wedderburn decomposition
AMS Subject Classification: 16U60, 20C05

1. Introduction

Let G be a finite group and F,, be a finite field for a prime p having characteristics
p. Let p be such that p { |G|. This means that the group algebra F,G is semisimple
(see [13]). Due to various applications of units of group algebras (for example,
in cryptography [6, 14], in coding theory [7], in isomorphism problems and explo-
ration of Lie properties of group algebras [2] etc.), the problem of computing the
Wedderburn decompositions (or unit groups) of finite semisimple group algebras is
an extensively studied problem (see [1, 3, 5, 9, 11, 12, 15, 19, 21] and the references
therein).

One of the major steps in the direction of computation of Wedderburn decom-
positions (WDs) of finite semisimple group algebras was taken in [1]. The paper [1]
gave an algorithm to compute the WDs of the semisimple group algebras of all
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metabelian groups. We recall that a finite group G is metabelian if its derived
subgroup is abelian. Consequently, the entire research in this direction is shifted
on to the computation of WDs of semisimple group algebras of non-metabelian
groups. Mittal et al. [17] computed the WDs of semisimple group algebras of all
non-metabelian groups up to order 72. Furthermore, Mittal et al. [16, 18, 22] also
computed the WDs of all semisimple group algebras of all non-metabelian groups
of order 108 and some non-metabelian groups of order 120. Since, the WDs of
semisimple group algebras of the symmetric groups S,, can be easily computed
by employing the representation theory (see [8]), the papers [18, 22] completed
the task of computation of WDs of group algebras of non-metabelian groups of
order 120.

Using [20] we note that the only non-metabelian groups of order less than 120
that are not yet studied in the literature are those of order 96. Hence, the main
objective of this paper is to complete the task of computation of WDs of group
algebras of 26 non-metabelian groups of order 96. Consequently, with this paper,
the computation of the WDs of semisimple group algebras of all groups up to order
120 will be complete. From the WD, the unit group can be computed straight-
forwardly.

Organization of the paper. Section 2 contains certain preliminaries that play
an important role in the computation of WDs. Our main results related to WDs of
semisimple group algebras are discussed in Section 3. We give the complete details
of computation of WDs only for a few groups among the 26 groups. This is because
for the remaining groups, the details can be generated analogously. We conclude
the paper in the last section.

2. Preliminaries

Let the exponent of the group G be denoted by e and let the primitive e root of
unity be denoted by . In our work, we use the notations of [4]. Let F denote a
finite field. Let us define

Ir = {w | e = &¥ is an automorphism of F(e) over F}.

It can be noted that the Galois group Gal (F(e), IE") is a cyclic group. This guarantees
the existence of an s € Z} fulfilling A(¢) = ¢* for any A\ € Gal(F(¢),F). More
specifically, Iy is a subgroup of the group Z; (multiplicative). Let g be a p-regular
element of the group G. Let us define

Vg = Z h,
heC(g)

where C'(g) denotes the set of all those elements of G that are conjugate to the
p-regular element g. For v, let the cyclotomic F-class of be represented by

S(vg) = {vg+ | w € Ir}.
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Let J(FQG) represent the Jacobson radical of the group algebra FG.
Next, we discuss two important results of [4].

Theorem 2.1. The number of cyclotomic F-classes in G is equal to the number
of simple components of FG/J(FG).

Theorem 2.2. Let the number of cyclotomic F-classes in G be w and let € be
primitive et root of unity, where e is the exponent of G. Let Sy,...,Sy be the
simple components of the center of FG/J(FG) and let Y1, ...,Y, be the cyclotomic
F-classes in G. Then, |Y;| = [S; : F] for each 1 < i < 7, after suitable ordering of
the indices.

We remark that both the Theorems 2.1 and 2.2 will be very crucial for our main
results. Next, we discuss a significant result that shows that in the WD of a finite
group algebra FG/J(FG), F is always a Wedderburn component (see [17]).

Lemma 2.3. Let 31 and Yo be two algebras over F having finite dimension. Let
Yo be semisimple and let ¢ : X1 — Yo be a homomorphism that is also surjective.
Then, there holds

¥1/J(%1) 2 Eg + 3s,

where X3 is an another semisimple F-algebra.

Suppose that J(FG) = 0. Then Lemma 2.3 confirms that F is always a simple
component of FG. Next, we recall a result from [10] that explicitly characterizes
the set Ip.

Theorem 2.4. Let ¢ = p" for a positive integer r and a prime p and let Fy be a
finite field. Let e be such that ged(e,q) = 1 and let € be the primitive e root of
unity. Let o(q) be the order of ¢ modulo e. Then we have

Ir, ={1,q,..., q"(q)_l} mod e.
Further, we recall two important theorems from [13].

Theorem 2.5. Let R be a commutative ring and let RG be a semisimple group
algebra. Then we have

RG = R(G/G") ® A(G,G).

Here G’ is the derived subgroup of G, R(G/G') is the sum of all commutative simple
components and A(G, G") is the sum of all non-commutative simple components of
RG.

Theorem 2.6. Let RG be a semisimple group algebra and H be a normal subgroup
of G. Then
RG = R(G/H) ® A(G, H).

Here A(G, H) represents the left ideal of RG and it is generated by the set {h—1:
h e H}.
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We remark that through Theorem 2.5 one can obtain all the possible commu-
tative simple components of the group algebra F,G. Further, Theorem 2.6 relates
WD of the group algebra F,(G/H) with that of F,G for a normal subgroup H of
G. Finally, we end this section by invoking an important result from [3]. This
result will be very crucial in unique computation of the WD for any semisimple
group algebra.

Theorem 2.7. Let F be a finite field of characteristics p. Let ¥ = ®t_ M, (Fs) be
a summand of a semisimple group algebra FG, where Fy denotes a finite extension
of F for each s. Then p{ng for every 1 < s <t.

3. WDs of non-metabelian groups of order 96

In this section, we discuss all the non-metabelian groups of order 96 along with
their WDs. Up to isomorphism, we note that there are 231 groups of order 96 and
26 of them are non-metabelian. Among these 26 groups, 11 have exponent 24 and
rest all have exponent 12.

3.1. Non-metabelian groups of order 96 having exponent 24

The non-metabelian groups of order 96 having exponent 24 are as follows:

1. G1 = A4 X CS 7. G7 (S (2,3) . CQ) bell 02

2. GQ = SL(2,3) X C4 8. G (((C4 X 02) X CQ) X Cg) X CQ
3. G3=5SL(2,3) x Cy4 9. Gg = (((Cy x C3) x C) x C3) x Cy
4. G4 = 02 X (SL(273) . CQ) 10. GlO ((Cg X Cg) X CQ) X 03

5. G5 = CQ X GL(2,3) 11. Gll = ((04 X 04) Pl 03 >d Cg)

6. GG = (02 X SL(2,3)) Dal Cg

3.2. Wedderburn decomposition of F,G; and some other
group algebras

The presentation of G1 = A4 x Cg is as follows:

(z,y,z,w,t,u | ?y™, [y, 2], [z,2], [w,z]w™, [, ] T
[w, 2l "t y227h 2,9, [w,y), [t ]7 [u y] %, [w, 2],
[t, 2], [u,2z], w?, [t,wlu ™ L [u, w]t™ [u,t], u2>.

This group has 20 conjugacy classes as shown in the next table.

Rle|lz|y|z|lw|t|zy|xz|at]|yz | yw | yt| zw| 2zt | zyz
S|1]6|1]1|8|3|6 6 6 1 8 3 8 3 6
O|1|8|4|2|3|2] 8 8 8 4 12 | 4 6 2 8
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xyt | xzt | yzw | yzt | xyzt
6 6 8 3 6
8 8 12 4 8

where R,S and O represent representative, size and order of conjugacy classes,
respectively. From the above discussion, we conclude that the exponent of Gy is
24. Also G = A4 with G1/G} = Cs. Since p > 3, we have ged(|G1|,p) = 1, and
so J(F,G1) = 0.

Theorem 3.1. The Wedderburn decomposition of F,Gy for ¢ = p*, p > 3 is as
follows:

values of p and k Wedderburn decomposition
k even or p={1,17} mod 24 and k odd F2 @ Ms(Fy)* & Ms(Fy)®
p* = {5,13} mod 24 and k odd Fg @Fgg @ My(F,)* @ Ms(F,)*
®M;3(F,2)?
p* = {7,23} mod 24 and k odd or Fg @ ng @ My (F,)? © M3(F,)%*®
pk = {11,19} mod 24 and k odd M5 (F,2) & M;(F,2)3

Proof. As F,G; is semisimple, we have F,G; = ®.L_ M, (F,), ¢t € Z, where for
each 7, I, is a finite extension of Fg4, n, > 1. Incorporating Lemma 2.3 in above
to obtain

]FQGI = Fq @3;11 M?'lr (Fr) (31)
For k even and any prime p > 3, p¥ = 1 mod 24. This means |S(v,)| = 1 for
each g € G as Iy = {1} (see Theorem 2.4). Hence, (3.1) and Theorems 2.1, 2.2
imply that F,G; 2 F, &2, M, (F,). This with G;/G} = Cs and Theorem 2.5
leads to (with suitable rearrangement of indexes) F,G1 = F3 ®!2, M, (F,) with
88 = Ziil n2, n, > 2, which gives the only possible choice (24,3%) (here a® means
(a,a,...,btimes)) for values of nls. Therefore, the required WD is

F,G1 = Fy & My (Fg)* @ Ms(F,)®. (3.2)
Now, we assume that k is odd. We discuss this possibility in the following 4 cases:

Case 1. p=1 mod 24 or p* =17 mod 24. In this case, we have |S(v,)| = 1 for
each g € Gy as Iy = {1} or Iy = {1,17}. Hence, WD is given by (3.2).
Case 2. p* = 5 mod 24 or p* = 13 mod 24. In this case, we have S(v,) =

{%, ’Yzz}a S(’Ya:y) = {'waerIyz}a S(’Yxt) = {rYxta ’szt}a S('wat) = {Vﬁytv ’7wyzt}7
and S(v4) = {74} for the remaining representatives g of conjugacy classes. Using
Theorems 2.1 and 2.2 and (3.1), we get F,G1 = F, ®LL, M, (Fy) ®;215 My, (Fp2).
Applying Theorem 2.5 with G;/G} = Cg and F,Cg = Fg &) Fiz to obtain

F,Gi = ]F;l &b ng @§:1 My, (Fq) @71‘0:9 M, (qu)

8 ) 10 ) (33)
with 88 = Zn,. + 2Zn,., ny > 2,
r=1 r=9
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which gives 3 possibilities for values of n/. namely (3%,22), (22,3%,2,3) and (24, 3°).
For uniqueness, consider a normal subgroup Hy = (t,u) of Gy with K1 = G1/H; &
C3 % Cy. It can be verified that K7 has 12 conjugacy classes as shown in the table
below.

Rie|lz|y|lz|w|ay |2z |yz | yw | 2w | xyz | yzw
S 311111213 3 1 2 2 3 2
O|1]|8(|4|2|3] 8 8 4 | 12 6 8 12

Also K = (5 with K /K| = Cg. For the representatives k of K1, we have S(v,) =
{Var Yoz}, S(Vay) = {Vays Yoyt S(vk) = {7k} for the remaining representatives.
Therefore, employ Theorems 2.1, 2.2 and 2.5 to obtain F K; = Fg & IF32 Dr_y

M, (F,) with 16 = Zle t2. This gives us the only possibility (24) for value of t/s.

Next, incorporate Theorem 2.6 in (3.3) to deduce that (2%, 3%) is the correct choice
for njs and therefore, we have F,G1 = Fj @ Fgg & Ma(Fy)* @ M3(Fy)* & M3(F2)2

Case 8. p* =7 mod 24 or p* =23 mod 24. In this case, we have

S(’Yx) = {71"%8212}7 S(’Yy) = {72/’%!2}7 S(’Y:cy) = {%L'ya%zz}y S(%ct) = {’Yxta%cyzt}a

S(’Y'ryt) = {’metar)/rzt}a S(’wa) = {'wa;’}/yzw}v S(’Yyt) = {VytvfythL S(’Y.(]) = {79}
for the remaining representatives g of conjugacy classes. Using Theorems 2.1, 2.2

and (3.1), we get F,Gy 2 F, &°_, M,, (F,) &124 M, (F,2). Applying Theorem 2.5
with G1/G’ = Cs and F,Cs = Fg @ IE‘32 in this to obtain

F G = F?] ® F22 69;1:1 My, (Fq) EB§:5 M, (Fg2)
4 8
3.4
with 88 = "n’+2> n}, n,>2 (34

r=1 r=>5

which gives three possibilities for values of nls namely (34,22 32%),(22,32,2,33%)
and (2%, 3%). Further, we can verify that for the representatives k of K, we have
S('ym) = {'Yma'%cyz}v S('Yy) = {’7y7’7yz}v S('me) = {'7:63;»'7902}’ S(’wa) = {'Vywvfyyzw}
and S(v;) = {y&} for the remaining representatives. This with Theorems 2.1,
2.2 and 2.5 leads to F K; = IF3 o IF22 @7 M, (Fy) & My, (Fp2), t. > 2, t, €

Z with 16 = Zi:l t2 + 2t2, which gives the only choice (23) for t.s. Therefore,

(3.4) and Theorem 2.6 imply that (22,32,2,33) is the correct choice for n’s. So,
we get F G 2, @ F, @ Ma(Fy)? © M3(Fy)? © My(Fye) ® Ma(Fg2)®.

Case 4. p* =11 mod 24 or p¥ =19 mod 24. In this case, we have

S(yz) = {'Yx,%cy}v S(’Vy) = {'vi’sz}v S(Vez) = {'Yacza%cyz}v S(yat) = {%cta%cyt}a

S(’Yfﬂzt) = {7z2t77$yzt}7 S(’wa) = {’wa,’szw}, S(’Yyt) = {Vyta’szt}a S(’Yg) = {'Yg}
for the remaining representatives g. Using Theorems 2.1 and 2.2 and (3.1), we get

F,G1 2 F,&5_ M, (Fy) ®'%s M, (F,2). Further, we can easily see that rest part
of this case is similar to Case 3. O

Next, we remark that for the groups G;, where 2 < i < 8 and ¢ = 10, the
Wedderburn decomposition of their group algebras can be computed by following
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the steps of Theorem 3.1 (see Tables 1-8). Hence, we are omitting their proofs
from the paper.

Table 1. Wedderburn decomposition of F;Ga.

values of p and k Wedderburn decomposition
k even or p = {1,17} mod 24 and k odd | Fj & M5(F,)® & M3(F,)* & My(F,)*
p* = {5,13} mod 24 and k odd F2 & My (Fq)? & Ms(Fo)* & My(F,)?
69JMQ(IFq?)2
pF = {7,23} mod 24 and k odd or F2®Fp @ Ma(Fg)* & Ms(Fy)?®
pF = {11,19} mod 24 and k odd My(F,)? @& Ma(Fy2) & Ms(F,2)

Table 2. Wedderburn decomposition of F;G3.

values of p and k Wedderburn decomposition
k even or p € {1,5,13,17} mod 24 and k odd F2 @& My(F,)® & Ms(Fy)*
G9]\44(15}1)2
pk = {7,11,19,23} mod 24 and k odd F2 @ Fpo @ My(Fy)? @ Ms(Fy)*®
M2(Fq2)2 & Ms(Fq2) & My(Fg2)

Table 3. Wedderburn decomposition of F,G4.

values of p and k Wedderburn decomposition
keven or p € {1,7,17,23} mod 24 and k odd | Fy @ My(F,)® & Ms(F,)*
e9]\44(F<1)2
pF = {5,11,13,19} mod 24 and k odd ]F;L & My (F,)? @ M3(F,)*a
M4(]Fq)2 D M2(Fq2)2

Table 4. Wedderburn decomposition of F,Gs.

values of p and k Wedderburn decomposition
k even or p € {1,11,17,19} mod 24 and k odd | Fj & My(F,)® & Ms(F,)*
€B]\44(1&)2
p¥ = {5,7,13,23} mod 24 and k odd F @ My (Fq)? ® M3(Fg)*®
My(Fq)? & M (Fg2)?
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Table 5. Wedderburn decomposition of F,Gg.

values of p and k Wedderburn decomposition
keven or p € {1,7,13,19} mod 24 and k odd | Fj & My(F,)* & Ms(F,)*
EB]Wﬁl(IFq)B
p¥ = {5,7,13,23} mod 24 and k odd IF;l & Ma(Fy)? & Ms(F,)*®
M4(Fq) & M4(Fq2)

Table 6. Wedderburn decomposition of F,G7.

values of p and k Wedderburn decomposition
k even or p € {1,11,13,23} mod 24 and k odd | Fy & My(F,)* & Ms(F,)*
65J\44(Fq)3
p¥ = {5,7,13,23} mod 24 and k odd IF;1 ® Ms(F,)? & M3(F,)*®
My(Fy) @ My(F2)

Table 7. Wedderburn decomposition of F;Gs.

values of p and k Wedderburn decomposition
k even or p € {1,11,13,23} mod 24 and k odd | Fj @& Ms(F,)* & Ms(F,)*
@Mél(Fq)B
p* ={5,7,17,19} mod 24 and k odd F? @ Ma(F,)? & Ms(F,)*®
My(Fy) & Ma(Fg2)

Table 8. Wedderburn decomposition of F;G1o.

values of p and k Wedderburn decomposition
k even or p=1 mod 24 and k odd Fi? @ My(Fy)'"? @ Ms(F,)*
p¥ € {7,19} mod 24 and k odd Fo @ Fgg ® Ms(Fy)? & M3(Fp2) & Ma(Fp2)8
p* =13 mod 24 and k odd Fi2 & Ms(Fy)* @ My(Fg2)®
p¥ =17 mod 24 and k odd Fi @ IF32 ® Ms(Fy)* & Ma(Fy)* @ Mo (F,2)*
pF € {11,23} mod 24 and k odd Fg &) F22 ® Ms(Fg)? ® M3(Fp2) ® Ma(Fp2)®
p¥ =5 mod 24 and k odd Fi @ FL @ M3(F,)* @ Ma(F,2)°

3.3. Wedderburn decomposition of F;G 14

It is to be noted that for the group algebra F,G11, WD can not be uniquely
characterize only by using Theorems 2.5 and 2.6. We also need Theorem 2.7 for
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its unique characterization. Consequently, we separately discuss the WD of F,G1;
in the following theorem. We have G1; = ((C4 x C4) x C3) x C3). This group has
10 conjugacy classes.

Rie|lx |y |z|t|xz]|ot|zw| 2zt]| xzt
S|1(12(32|3|3|12]12]| 3 6 | 12
Oj1|21]31|4|2]| 8] 4 4 | 4 8

Clearly, the exponent of G11 is 24 and G}; = (Cy x C4) x C3 with G11/G'; =2 Cs.

Theorem 3.2. The Wedderburn decomposition of F,G11 for ¢ = p*, p>3is

values of p and k Wedderburn decomposition
kevenorp € {1,5,13,17} mod 24 and k odd ]Fi & My(F,) & M3(F,)% & Mg(F,)
pF ={7,11,19,23} mod 24 and k odd Fg & Ma(F,) & M3(F,)? & Ms(F,)
@MS(Ftﬁ)Q

Proof. For k even and any prime p > 3, p* =1 mod 24. This means |[S(v,)| = 1
for each g € Gi1 and hence, (3.1) and Theorems 2.1, 2.2 imply that F,G11
F, ®)_; M, (F,). This with G1;/G’; = C3 and Theorem 2.5 leads to F,G1;
F2&8_) M, (F,) with 94 = S2%_, n2, n, > 2 which gives four possible choices for
nls as (2°,3,4,7),(2%,3,4%,5),(22,34,52) and (2,35,6). In order to seek unique-
ness, consider a normal subgroup Hi11 = (¢,u) of Gi1 with K111 = G11/Hui11 =
S,. From [9] and Theorem 2.6, we conclude that (22,3%,5%) and (2,35, 6) are the
only required possibility for n/s. Further, using Theorem 2.7, we derive that the
required choice for n,’s is (2, 3%, 6). Therefore, we have the result. Next, we assume
that k is odd. We discuss this possibility in the following 2 cases:

[rauire

Case 1. p* = {1,5,13,17} mod 24. In this case, WD is same as in the case of k
even as |S(v,)| = 1 for each representative g of conjugacy classes.

Case 2. p* = {7,11,19,23} mod 24. In this case, we have S(7.) = {V., V2w },
S(Yaz) = {Vazr Yaut), S(vg) = {7}, for the remaining representatives g of con-
jugacy classes. Using Theorems 2.1, 2.2 and (3.1), we reach to F,G11 2 F, ®>_,

M, (Fq)®I_g M,, (F;). Now incorporate Theorem 2.4 to obtain FqG11 = F2@y_,
M, (F,) &5_; M, (F,2) with 94 = Zle n2 +2 Z?=5 n2, n, > 2. Further, again
consider the normal subgroup Hii;. This with Theorem 2.6 yields F,Gq11 =
Fﬁ © Mo(Fy) ® M3(Fy)* ® My, (Fy) @)y My, (Fg2), 72 = ni +2 23:2 ny, ne > 2.
The possible choices for n!.s satisfying this are (2,3,5) and (6,3,3). By the same
logic given for the case when k is even, we derive that (6,3,3) is the required
choice. O

3.4. Wedderburn decomposition of F,Gy

Next, we discuss the WD of F,Gy (see Table 9). We mention that, unfortunately for
this particular group, our theory is not enough to uniquely characterize the WD of
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its corresponding group algebra when p* € {5,13} mod 24. We obtain that WD is
one of the following two possibilities: Fj&Ma(Fy)?®Ms(Fq)* @My (Fg2) B Mo (Fq2)?;
Fi & My (Fy)* & Ms(Fy)* & Ma(Fg2) & My(Fg2). Consequently, we make use of
computer package GAP in this case for uniquely determine WD.

Table 9. Wedderburn decomposition of F,Gy.

values of p and k Wedderburn decomposition
k even or p € {1,17} mod 24 and k odd | Fj & My(F,)® @ M3(Fy)* © My(F,)*
p*F € {5,13} mod 24 and k odd Fi @ My (Fq)? & Ms(Fq)* & My(F,2)
EBMQ(qu)Q
p* € {7,11,19,23} mod 24 and k odd | F} & My(Fy)* & Ms3(Fg)* & My(F,2)?
69]\44(18‘qz)

This completes the computation of WDs of semisimple group algebras of non-
metabelian groups of order 96 having exponent 24. Next, we proceed to compute
the WDs of semisimple group algebras of non-metabelian groups of order 96 having
exponent 12.

3.

ot

. Non-metabelian groups of order 96 having exponent 12

G12 = ((04 X 02) X 04) X 03
G13 = Ay X Qs
G14 = 04 X 54

G15 = (04 X A4) X Cg

G16 = (CQ X 02 X A4) Pl CQ

G17 = (02 X 02 X Qg) X 03

G18 = ((Cz X CQ X CQ) bell (02 X 02)) Dl 03
G19 = ((Cg X Cg X Cg) X (C2 X CQ)) X Cg
9. G20 = ((02 X Qg) X Cg) X 03

10. G21 = CQ X (A4 X 04)

11. GQQ = Cg X Cg X S4

12. G23 = ((02 X 02 X 02 X Cz) X 03) X 02
13. G24 = 04 X SL(Q, 3)

14. G25 = CQ X CQ X SL(2,3)

15. G26 = CQ X (((04 X 02) X 02) X 03)

NG W=

3.6. Wedderburn decomposition of F,G12 and some other
group algebras

The presentation of Gi2 = ((C4 x C3) x Cy) x C3 is

-1_-1

(2,9, z,w, t,u | 2%, [y, o)t w27yt [z x] eyt

Yy 7[w,ar:]u_lt_l -1

w o,

talu e fu,a], vt e [yl [wyl [yl fuyl 2w

63



Annal. Math. et Inf. G. Mittal, R. K. Sharma

[w, 2], [t,2], [u,z], w?, [t,w], [u,w], 2, [w, ], u2>.

This group has 12 conjugacy classes as shown in the table below.

Rle|lz |y|lwl|t|u|z?|aw|yz|yw|yt]| 2%y

S|1]16|6|3|3|1|16|16 |6 | 6 | 6 | 16
Ol1]3 (4|2 |2|2|3]| 6 |4 | 4|4 6

~

From above discussion, we see that exponent of Gz is 12. Also G5 = (CyxCy)xCy
with G12/G’4 = Cs. Since p > 3, we have ged(|Ghz|,p) = 1, and so J(F,G12) = 0.
We are now ready to give the WD and unit group of ;G2 for p > 3.

Theorem 3.3. The WD with unit group of F,G12 for ¢ = p*, p > 3 is as follows:

values of p and k Wedderburn decomposition
k even or p=1 mod 12 and k odd | F3 & My(F,)* ® M3(F,)° & Me(F,)

p* =5 mod 12 and k odd Fq ®Fp2 @ My(F,) & M3(F,)°
®Me(F,) ® Ma(Fg2)

p¥ =7 mod 12 and k odd F3 @ Ms(F,)? & Ms(F,)
OMo(Fy) © My(Fg2)?

p¥ =11 mod 12 and k odd F, ®F,2 ® My (F,) & M3(F,)

@Mg(]Fq) 57 Mz(qu) ) Mg(FqQ)Q

Proof. As F,G5 is semisimple, we have F,G15 = ®L_, M, (F,), t € Z, where for
each r, F, is a finite extension of Fy, n, > 1. As in Theorem 3.1, we can write

F,Gi2 =T, &'Z) M, (F,). (3.5)

For k even and any prime p > 3, p¥ = 1 mod 12. This means |S(v,)| = 1 for
each g € Gy as Ir = {1}. Hence, (3.5) and Theorems 2.1 and 2.2 imply that
F,Gia 2 F, ®!L, M, (F,). This with G12/G}5 = C3 and Theorem 2.5 leads to
(with suitable rearrangement of indexes)

9
FoGio = Fs ©)_ My, (F,) with 93 = n?, n, > 2 (3.6)

r=1

which gives four possible choices for n/.s namely (2,2,2,2,2,2,2,4,7), (2,2,2,2,2,4,
4,4,5), (2,2,2,2,3,3,3,5,5), and (2,2,2,3,3,3,3,3,6). We consider the normal
subgroup H; = (wu,t) = Cy x Cy with G12/H; = SL(2,3). From [17], we know
that WD of F,G12/H; contains My (F,) as well as M3(F,). So, Theorem 2.6 implies
that the choices (2,2,2,2,2,2,2,4, 7) and (2,2,2,2,2,4,4,4,5) are no longer in
race. For uniqueness, we consider another normal subgroup Hs = (u) with Ky =
Gha/Hs = (Cy x C4) x Cs. Using [1], we note that F Ky = F2 & Ms(F,)®. This
with Theorem 2.6 imply that (2,2,2,3,3,3,3,3,6) is the only possibility for n’s.
Therefore, we have

Fqug = FS D MQ(]Fq>3 D Mg(Fq)5 D Mg(]Fq) (37)
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Next, we assume that k is odd. We discuss this possibility in the following 4 cases:

Case 1. p =1 mod 12. In this case, we have |S(y,)| = 1 for each g € G2 as
Iy = {1}. Hence, Wedderburn decomposition is given by (3.7).

Case 2. p* = 5 mod 12. In this case, we have S(7.) = {7 Va2t S(Vaow) =
{Vaw, Ya2y b S(79) = {74} for the remaining representatives g of conjugacy classes.
Using Theorems 2.1, 2.2 and (3.5), we get FyG1o 2 Fo &7l _ M, (F,)&)_s M, (F,2).
Applying Theorem 2.5 with G12/G, = C3 and F,C3 = F, @ F,2 to obtain that

7

FyGro = Fy@F 2 &7y My, (Fg) &M, (Fp2) with 93 =3 n2+2ng, n, >2. (3.8)

r=1
Further, we note using [1] that F,Ks = F, & F,» & M3(F,)°. Therefore, (3.8) and
Theorem 2.6 imply that F G2 2 F, ®F 2 & M3(F,)° ®2_, M, (F,)® Ms(F,2) with
48 = Zi:l n2 4 2n3, n, > 2. This gives the only possibility (2,6,2) for n’.s which
means the required WD is

F,G12 2 Fy @ Fp2 & M3(F,)° & Ma(F,) & Mg(Fy) ® Ma(F,2).

Case 3. pF = 7 mod 12. In this case, we have S(v,) = {Vy Yz}, S(Vyw) =
{Vyws 1yt }> S(v9) = {7y} for the remaining representatives g of conjugacy classes.
Using Theorems 2.1, 2.2 and (3.5), we get FyG12 2 F @7 _ M, (F,)®)_s M, (F,2).
Applying Theorem 2.5 with G12/G}, = Cs and F,C3 = F2 in above to obtain

FGiz & Fo @)_) My, (Fg) @] _g My, (Fg2)

5 7
with 93=> "n2+2> n’, n, >2.

r=1 r=6

(3.9)

Further, we observe that F Ky = Fs & Ms(F,) & M, (Fg2)?. Therefore, (3.9) and
Theorem 2.6 imply that FG1a = F3® M (F,) @) My, (Fq) & Ms(Fg2)? with 48 =
Zle n2, n, > 2. This gives the only possibility (2,2,2,6) for n’s which means
that the WD is

F,G12 Fg ® M3(F,) ® M2(F,)* ® Mg(F,) & M3(F,2)°.

Case 4. p* = 11 mod 12. In this case, we can verify that S(v,) = {Vy Vyz},

S('wa) = {'wav'Yyt}a S('Yr) = {'sz'Y:r,z}v S(’Yﬂcw) = {'Ymua’Yx?y}v and S('Vg) = {'Vg}
for the representatives e, w,t and u. Using Theorems 2.1, 2.2 and (3.5), we get

F,Gi2 & F, ®2_, M, (F,) ®I_, M, (F,2). Applying Theorem 2.5 with F,Cj3 =
F, ® Fg2 in above to obtain

FyGro 2 Fy © Fpe ©)_y Mn, (Fy) &2y My, (Fge)

3 6
with 93 = "n’2+2> n’, n, >2.
r=1 r=4

(3.10)
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Further, we see that F, Ky = F & F 2 & M3(F,) @ M, (F,2)?. Therefore, (3.10) and
Theorem 2.6 imply that F,Gio X Fy @ Fp2 @ M3(Fy) ® M3(F2)? @2y M, (F,) ®
M,,(F,2) with 48 = Zle n2 + 2n3, which means the only possibility for n/s is
(2,6,2). Thus, the required WD is

F G2 2 F, ®Fp2 & M3(F,) & M3(Fy2)® @ Ma(Fy) @ Mg(Fy) ® Ma(Fpe). O

Next, we remark that for the groups G;, where 13 < ¢ < 26, the WD of
their group algebras can be computed by following the steps of Theorem 3.2 and
Theorem 3.3 (see Tables 10-23). Hence, we are omitting their proofs from the

paper.

Table 10. Wedderburn decomposition of F;G1s.

values of p and k Wedderburn decomposition
k even or p* = +1 mod 12 and k odd Fa2 ® My(F,)° & M3(F,)* © Ms(F,)
pF =45 mod 12 and k odd F2 & M (Fq)® & Ms(Fq)* & Mg(F,)
DM, (qu)

Table 11. Wedderburn decomposition of F;G14.

values of p and k Wedderburn decomposition
k even or p* € {1,5} mod 12 and k odd FS @ My(Fy)* & Ms(F,)®
p¥ € {7,11} mod 12 and k odd Fs @ng ® My(F,)? @ Ms(F,)*
©Ms(Fy2) & M3 (Fg2)

Table 12. Wedderburn decomposition of F;G15.

values of p and k Wedderburn decomposition
k even or p* € {1,5} mod 12 and k odd F2 @ My(F,)® & Ms(F,)* ® Mg(F,)
pF € {7,11} mod 12 and k odd IF; ® M2 (F,)3 & M3(F,)* & Mg(F,)
DM (Fg2)

Table 13. Wedderburn decomposition of F;G16.

values of p and & Wedderburn decomposition
k even or p* € {1,7} mod 12 and k odd | Fi @ My(F,)° ® M3(F,)* & Mg (F,)
p¥ € {5,11} mod 12 and k odd Fg ® M2 (F,)3 & M3(F,)* & Mg(F,)
GM, (]qu)
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Table 14. Wedderburn decomposition of F;G17.

values of p and k

Wedderburn decomposition

k even or p* € {1,7} mod 12 and k odd

Fg D MQ(Fq)S @ MS(Fq)5 D MG(FQ)

pk € {5,11} mod 12 and k odd

Fq & ]Fq2 D M2(Fq) S MS(Fq)5
@Mﬁ(Fq) D M2(Fq2)

Table 15. Wedderburn decomposition of F,;G15s.

values of p and k

Wedderburn decomposition

k even or p* € {1,7} mod 12 and k odd

F3 @ M3(F,)° ® My(F,)*

pF € {5,11} mod 12 and k odd

Fq @ Fge @ M3(Fy)° & My(Fy)
@M4(Fq2)

Table 16. Wedderburn decomposition of F;G1g.

values of p and k

Wedderburn decomposition

k even or p¥ € {1,7} mod 12 and k odd

Fo? @ Ms(Fy)* @ My(F,)?

pk € {5,11} mod 12 and k odd

F3 ® F;12 ® M3(Fq)4 & M4(Fq)
@M4(Fq2)

Table 17. Wedderburn decomposition of F;G2o.

values of p and k

Wedderburn decomposition

k even or p¥ € {1,7} mod 12 and k odd

Fo? & Ms(Fy)* & My(F,)?

p* € {5,11} mod 12 and k odd

Fg ) F32 S) MJ(Fq>4 2] M4(Fq)
@M4(Fq2)

Table 18. Wedderburn decomposition of F;Ga;.

values of p and k

Wedderburn decomposition

k even or p* € {1,7} mod 12 and k odd

FS @ My(F,)* & Ms(F,)®

p* € {5,11} mod 12 and k odd

Fi @ F2 © Ma(Fy)* @ Ms(F,)*
69]\43<]Fq2)2
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Table 19. Wedderburn decomposition of F,Gas.

values of p and k£ | Wedderburn decomposition
for any k and p FS @ My(F,)* & Ms(F,)®

Table 20. Wedderburn decomposition of F;Gas.

values of p and k Wedderburn decomposition
for any k and p | F2 @ My(F,) ® Ms(F,)°® & Mg(F,)

Table 21. Wedderburn decomposition of F,Ga4.

values of p and k Wedderburn decomposition
k even or p=1 mod 12 and k odd Fi2 & My(Fy)'? & Ms(F,)*
p* =5 mod 12 and k odd Fy ®Fl. © My(Fy)* @ M3(Fy)*

(F

BMo(F,2)*

p* =7 mod 12 and k odd F6®F3 ® M (F,)® & Ms3(F,)?

@MQ(F )3 & Ms(Fg2)
(
)

p* =11 mod 12 and k odd F2 & F, @ Ma(Fy)? © M3(Fy)?
©Ma(F )7 ® Ms(F 2

Table 22. Wedderburn decomposition of FqGas.

values of p and k Wedderburn decomposition

k even or p* € {1,11} mod 12 and k odd Fi2 @ My(Fg)' & Ms(F,)*

p* € {5,7} mod 12 and k odd IF4®]F4 ® My(F))* @ M3(F,)*
GEA]M?(IFq )

Table 23. Wedderburn decomposition of F,Gas.

values of p and k Wedderburn decomposition
k even or p=1 mod 12 and k odd Fi? & My(Fy)'? & Ms(F,)*
pF =5 mod 12 and k odd Fi & Fl, & My(Fy)* & Ms(F,)*
®M2(Fq2)4
p¥ =7 mod 12 and k odd Fi* @ M3 (Fy)* @ My(F2)°
p¥ =11 mod 12 and k odd F? EBIF‘g2 @ M3(F,)* @ My(F,2)°
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4.

Conclusion

We have computed the WDs of semisimple group algebras of non-metabelian groups
of order 96. Hence, this study completes the computation of WDs of semisimple
group algebras of all groups up to order 120. In future, this paper motivates the
study of unit groups of the group algebras of non-metabelian groups having order
greater than 120.
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