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1. Introduction
A continued fraction is an expression of the form

"1 o2
r=8+ ——=8+— , —

14+ ———

where s, and r, are real or complex numbers with r, # 0. The ry,ro,73,... i
this context will usually be referred to as the “partial numerators” of the continued
fraction and the terms sg, s1, S2, ... are the “partial denominators”. The most com-
mon restriction imposed on continued fractions is to have r, = 1 and then call the
expression a simple continued fraction, denoted by [50; 81,892, .. } A periodic con-
tinued fraction is one that repeats and has the form [so; S1yeee sm,ﬁ]
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Let F, and L,, denote the Fibonacci and Lucas numbers, defined, respectively,
by F,=F,1+ F,—2and L, = L,_1+ L, forn > 2, with Fy; =0, F; =1 and
Lo=2,L; =1.

Several generalizations of the Fibonacci sequence have been presented in the
literature [1-8]. One of them was given by Edson and Yayenie in [6], called the
bi-periodic Fibonacci sequence defined for any nonzero real numbers a, b, and any
integer n > 2, as follows

_Jagn—1+ qn-2, for n even,
o bgn—1 + Gn—2, forn odd,

with initial values g9 = 0 and ¢; = 1. Note that for a = b = 1, we get the
classical Fibonacci sequence. Similarly, Bilgici [5] introduced the bi-periodic Lucas
sequence, for n > 2, as follows

Lo bl,_1+1,_2, forn even,
" Nal,_, + lpn_o, forn odd,

with initial conditions o = 2 and I; = a. It gives the classical Lucas sequence for
a=b=1.
Also, the bi-periodic Fibonacci and Lucas sequences satisfy, for n > 4, the same
recurrence relation
wy, = (ab+ 2)wp—9 — wWp_yg.

The Binet’s formulas of the bi-periodic Fibonacci and Lucas sequences are given

by
g — LD (o= (1.1)
o) a=p ) .

af)

e (ab) (D72 (™ + %), (12)

where |z is the floor function of x, £(n) = n — 2|n/2] is the parity function and
«a, (3 are the roots of the characteristic equation 2 — abxr — ab = 0 given by

ab + /ab(ab + 4) 458 ab — \/ab(ab + 4)
an =
2

2

It is well known that the limit of the ratios of consecutive Fibonacci numbers
is the golden ratio ¢. Thus

1+45

For more details on continued fractions and their connection to the Fibonacci
sequence, the reader is referred to [9-12].
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Consider the bi-periodic Fibonacci sequence {¢y},~, with a and b nonnegative
integers. For a # b, we have

n_ _ jn-1)pe(m) 1
dn—1 n—l
qn—2

So the ratios of the successive terms do not converge (see [6]). Therefore

. q2 « . q2n+1 « .
lim " = —, lim Zntl —, and lim
n—00 gap—1 b’ n—oo gy a n—o0 (n_2

=a+1.

2. Main results

Let n, s, r, and t be positive integers with r < s and n > 2¢. Our aim is to derive
closed form expressions for the continued fractions of lim —%1+r _  TLet’s start

n—oo Is(n—t)+r
with t = 1.
This theorem gives the recurrence satisfied by a subsequence of arithmetic pro-
gression.

Theorem 2.1. Forn > 2 and fixed s and r, we have the following relation

p §(#)E(ntr) T
s
sn+r = ((L) lst(nfl)Jrr + (_1) qs(n—2)+r- (21)

Proof. From Binet’s formulas (1.1), (1.2), and since af = —ab, £(n + m) =
&(n) + &(m) — 26(n)é(m), and |n/2| = (n —&(n))/2, we can write

b &(s)€(sn+r 1
<a> lst(nfl)Jrr + (_1) ds(n—2)+r

p (e (sntr) al®) . . aé(s(n=1)+r+1)
a) ab)[(é+1)/2j (Oé + B )(ab)L(s(n—1)+r)/2J

sn D+r _ ps(n—1)+r
()

af(s(n 2)+r+1) Ols(n—Q)—Q—r _ 65(n—2)+r

(a) =247 77] Py
b £(s)&(sn+r) a§(sn+r+1)+2§(s)§(sn+r)

B <> (ab) LGntn) 2] +E()E(sn+r)

y <a5n+r _ Bsn—H“ + (aﬁ)s(as(n—2)+r _ Bs(n—2)+r)>

+ (-1

a

a—p
af(sn+r+1) (as(n—2)+r _ 65(n—2)+r)

_1)s+1
+ (-1 (ab) =D +172] a—3
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(ab)LGnFn)/2] a—p

N a5(5n+r+1) as(n72)+r _ ﬂs(n72)+r
R SIE T ey ( P )

af(sn+r+1) (aanrr _ Bsn+r + (_ab)s (as(n72)+r _ Bs(n2)+r)>

B qb(sn+r+1) QsntT _ gen+r
= (ab) (sn+71)/2] a—f

= 4sn+r- O

The following theorem derives the closed form for continued fraction expres-

sions of lim q(qs%? which is the ratio of two consecutive terms of the cited
n—oo 9s(n—1)+r

subsequence.

Theorem 2.2. Forr < s, we have

S

[ls —1;1,0, — 2] = ((IZZW’ for s even,
lim —Zsntr [ZQ;E] = %, for s odd and n +r even,
N0 (g(n—1)4r T (ab)(s .
aS
[als, als] = W, for s and n + r odd.
Proof. From (2.1), we have
e For s even
Qsn+r _ ls . QS(n72)+r _ ls 14 QS(n71)+r - qs(n72)+r
qs(n—1)+r s(n—1)4r ds(n—1)+r
1
=L-1+ ds(n—1)+r
As(n—1)+r — ds(n—2)+r
1
=l;—1+
1+ qs(n—2)+r

ds(n—1)4+r — 4s(n—2)+r
=l,—1+ !
=1 1 I

+ qS(TL—l)+T 1

QS(’IL72)+T
=l—1+ !
= o .

1
ls —2+
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e For s odd and n + r even

sn—+r sS\n— T 1
Gomtr g g Blor gy -
qs(n—1)+r qs(n—1)+r 1
ls + 1
lg + —
e For s and n + r odd
sn4+r b s(n— r b 1
Gonir 2y B 0y ©
qs(n—1)+r a qs(n—l)-‘rT a Ql T 1
S b 1
als t —

Using Binet’s formula of the bi-periodic Fibonacci sequence, we obtain

1_ <ﬁ)sn+r
s a

ag(sn—l-r—l) (ab) [(s(n=1)+r)/2]

lim _Gentr lim
n—o00 qs(n—1)+r n—o00 aE(s(n—1)+r—1)(ab) L(sn+r)/2] 1_ (é)s(n—l)-i-r
o
L for s even
(ab)s/2’ ’
aa’®
(ab)(+1)/2° for s odd and n + r even,
a S
b S
(b)ﬁ%)/?, for s odd and n + r odd. O
a S

For the classical Fibonacci sequence, when a = b = 1, Theorem 2.2 gives the
following result.

Corollary 2.3.

lim _Fengr 5 [Ls = 1;1,Ls — 2], fors even,
n—00 Fy(n_1)4r R [Ls;m, for s odd.

The following theorem extends Theorem 2.1 in the sense that it considers the
t-periodic terms in the arithmetic progression subsequence.

Theorem 2.4. For n > 2t, we have

b

§(st)&(sn+r)
Qsn+r = (a> lstqs(n—t)+7' + (71)St+1qs(n—2t)+7" (22)

Proof. Using Binet’s formula, we get

Qsn+r = Clen—H"aanrr + C2Xsn+r65n+rv
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with Xsntr = mb)(unitl/)zj and C; = —Cy = 1/(a — ). The matrix form gives

(qs(7b_t)+7‘> = ( Xs(n—t)+7'a8(n7t)+r Xs(n—t)+7'ﬁs(n7t)+r ) (O1>
Qs(n—2t)+r Xs(n—2t)+ras(n72t)+r Xs(n—2t)+r ﬁs(n 2)+r Cs

-1
<Cl> ( Xs(n— t)+7~045(n7t)+r Xs(n—t)-&-rﬁs(nit)Jrr ) <(Js(n—t)+r>
Co Xs(n—2t)+ s(n 2+ Xs(n—2t)+r ﬂs(n—?t)-&-r As(n—2t)+r

_ 1( Xs(n—2t)+rﬂs(n72t)+r ~Xs(n—t)+r ﬂs n=t) +r> (qs(n—t)-i-r)

D _Xs(n—Qt)-l—TO‘S(nizt)Jrr Xs(n—t)+r& S(n O+r qs(n—2t)+r
— 1( Xs(n72t)+rBs(n_zt)_‘—rqs(nft)+r —Xs(n—t)+r ﬁs(n_t)+TQS(n2t)+r)

D 7Xs(n—2t)+7‘O‘S(n72t)+rqs(n—t)+r Xs(n—t)+r as(n O+ ds(n—2t)+r

where D = Xs(n—t)+rXs(n—2t)+r (as(n—t)+rﬂs(n—2t)+r _ as(n—2t)+rﬁs(n—t)+r).
Therefore
Oy — Xs(n—2t)+rds(n—t)+r — Xs(n— t)+rﬂStQS(n 2t)+r
1=
Xs(n—t)+rXs(n—2t)+r s(n=2t) +T(O‘St /BSt)

and

Co — Xs(n—2t)+rqs(n—t)+r - Xs(n—t)+ra8tqs(n—2t)+r
Y = —

Xs(nft)+rXs(n72t)+rﬁs(n_2t)+r(QSt - ﬁSt)
Plugging into qsnir = C1Xsntr @™ + CoXsnarB5"TT, we get

Xs(n—2t)+r9s(n—t)+r — Xs(nft)+rﬁ5tqs(n72t)+r sndr
Xs(nft)+rXs(n72t)+ras(n_QtH—r(aSt - BSt)
Xs(n—2t)+r4s(n—t)+r — Xs(n— t)+raStQS(n 2t)+r
Xs(n—t)+rXs(n—2t)+r ﬂs n=2t) +T(O‘St ﬂSt)
_ Xsn+'r(ls(n7t)+r< st ﬁ2ét) . Xsn+rQS(n72t)+7‘(aﬁ)St(QSt - BSt)
Xs(n—t)+r (@ — B%) Xs(n—2t)+r (a5t — B5)

aE(sn+r 1)(ab) s(n—t)+r)/2] »

afGn=0+r=1) (gb)L(sn+1)/2] Gs(n—v+r (@™ + B)

dsn+r = Xsn+r

- Xsn+r BSTH_T

a&(sn+r—1)(ab) [(s(n—2t)+r)/2] o
~ GGG () [ 2] () dstn—204

b E(st)é(sn+r) 4t t »
(a> W(a + B dstn—ty+r + (=" qen_20) 1+

b &(st)€(sn+r)
= () lstq‘s(nft)+r + (_1)St+1q‘9(n72t)+r~ O

a

We will now calculate lim q‘(“%; explicitly, the ratio of two consecutive
n—oo Is(n—t)+r

terms in the ¢-periodic subsequence.
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Theorem 2.5. Forr < s, we have

O[St

[l — 11,15 — 2] = @) for st even,
le _dendr [lst;m = %, for st odd and n + r even,
N=00 (s(n—t)+r b 7 (Clb) bt

LtlSt; alst] = W’ for s, t, and n+r odd.

Proof. Using (2.2), we have
e For st even

Asn+r _ lst . qs(n72t)+r _ lst 14 QS(nft)+r - qs(n72t)+r
ds(n—t)+r ds(n—t)+r As(n—t)+r
1 1
=lg—1+ =lg—1+
1+ qs(n72t)+r 1+ 1
s(n—t)+r — 4s(n—2t)+r ds(n—t)+r 1
QS(n72t)+r
e For st odd and n + r even
sSn—+r qS n— T 1
q7+:lst+¢:lst+q7~
qs(n—t)+r ds(n—t)+r LW
qs(n—2t)+r
e For s, t, and n + r odd
SN—+7T b qS n— T b 1
7(1 + = *lst + ( 20+ - 7lst + q .
qs(n—t)+r a ds(n—t)+r a Lt)”
qs(n—2t)+r
Using Binet’s formula of the bi-periodic Fibonacci sequence, we obtain
8 sn+r
g atlntrn(gpylemninsl 1 (2)
lim ————— = lim ST n
n—=00 s(n—t)4r n—oo ag(s(nft)Jrrfl)(ab) [(sn+7)/2] 1 (E)s(n— )+r
O(St f ;
—_—, or st even,
(ab)st/2
ao™t for st odd and
W’ or st odd and n + r even,
b for s, ¢, and n +r odd O
W’ or s,t, and n T O .

Note that if we take ¢ = 2 in Theorem 2.5, we get the following result.
Corollary 2.6.

s+ o\’ T35
lim — = () = (OZ + 1)‘S = I:Z2S -1 17ZQS - 2]
n—o0 QS(n—2)+T ab
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As a consequence of Theorem 2.5, for a = b = 1, we have the following result.
Corollary 2.7.

lim
n—oo Fs(n—t)—H"

Foptr _ gt = [Lst — l;m], for st even,
[Lst; Lat], for st odds.

In the following theorem, we give a relation between some bi-periodic Fibonacci
and Lucas sequences.

Theorem 2.8. Forn > 1, we obtain

ay §(rME(s+1) o1 /@) E(ME(s+1)
QSlsn+r = (g) QS(n+1)+r + (_1) * (g) qs(n—l)—H"
Proof. From Binet’s formulas (1.1), (1.2), and since o = —ab, we write

a\ §(ré(s+1) sl
(g) (qs(n+1)+r + (_1> + QS(n—l)—H‘)

an E(ME(s+1)  gs(s(n+1)+r+1) as(+)+r _ ﬂs(n-‘,—l)-{-r
- (Z) (ab) [GEFD+7)/2] ( a_p >
O A et i
b (ab)[Gr—D+1/2] a_p

(a £(r)&(s+1) qé(s(n+1)+r+1)
= (3)

(@) G+ /2] (o — B)

(el (2)) - ()

a\ EME(s+1)  q&(s(nt1)+r+1) a® — j3° sn+r sn+r
(5) @\ a—g )" A

X

Since

qb(s(n+1)+r+1) & (snAT)+E(s+1) =28 (s+1)E(sn+7)
(ab)L(s(nt1)+7)/2] - (ab)L(sntr+1)/2]+[s/2]+£(s)€(sn+r)—E(sn+r)
q&(sntr)+E(s+1)—2£(s+1)E(r)
(ab)L(sntr+1)/2]+[s/2]=&(s+1)§(snt7)
a&(sntr)+E(s+1)—26(s+1)&(r)
(ab)L(sntr+1)/2]+[s/2] =&(s+1)E(r)
b E(s+1)&(r) ab(s+1) absn+r)
() (ab)Ls/2] (ab)LGsntr+1)/2]”

a

we obtain the result. O

Note that for s =1 and r = 0 in Theorem 2.8, we get the following result.
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Corollary 2.9. Forn > 1, we obtain

ln = Qn+1 + dn—1-

In the following theorems, we give two continued fractions involving the bi-
periodic Fibonacci and Lucas sequences.

Theorem 2.10.

ln N
lim =[l;ab+1,1,ab) =5+ 2

and )
. dn+1 — o+

lim =1[0;1,ab+1,1,ab] = .

- [ @ ab] ab+ 4

n—oo [,

Proof. The bi-periodic Fibonacci and Lucas sequences satisfy the equation

ln = qn+1 + qn—1-

Thus, we obtain

ln n n— 1
_ G411 _ 1+ g
In+1 Gn+1 dntl
dn—1
Using Corollary 2.6 by taking s =1 and r = 1, we get the result.
Furthermore,
1—(&)"
. . a” — Bn . o — 5 (a)

A e (= B G e =l o (ﬁ)nﬂ =pf+2

Taking the reciprocal of this value, we get

An+1 1 . Qn+1 1 a+ 2
= d 1 = = . O
L L, M BT T B+2 ab+4

anrl

For the arithmetic progression situation, we get

Theorem 2.11. For r < s, we have

lim _lsnar —
N=00 (s(n+1)+r
v, 1e 1 1 1 1 BY(s-1)/2 (¢ —
- /4 1 1 _ (ab) '(a 5)7 for s odd,
qs las—1+ 1+l —2+1+1y3—2""" ( )/oﬁ
1/gs 1 1 1 1  b(ab)eD/2(a — B)
0+ 1 los —2 4+ 1+l —24+1- (aSQW ; for s and r even,
a/(bgs) 1 1 1 1 a(ah)=22(a - B)
0+ = los —2+ 1+ logs—2+ 1 pr , for s even and r odd.
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Proof. By taking r — r + s in Corollary 2.6 and using Theorem 2.8, we have

e For s odd
Lsntr _ l lq‘s(nfl)jtr _ l/q n 1/Qs
ds(n+1)+r qs qs Gs(n+1)+r ° M
ds(n—1)+r
e For s and r even
lsn+r o l . lQS(n—l)-i-T' _ iqs(n-i-l)-i-r - qs(n—l)—i—r _ ]-/QS
qs(n+1)+'r qs qs QS(n+1)+T qs qs(n+1)+r 14 1
qs(n+l)+r 1
qs(n—1)+r
e For s even and r odd
lsn+'r _ i - iQS(n—l)+r _ i (qs(n+1)+r - qs(n—1)+r) _ a/(bqs)
As(n+1)+r bgs bgs qs(n+1)+r bqs qs(n+1)+r 14 1
qs(n+1)+r 1
QS(n—1)+T

Using Binet’s formulas for the bi-periodic Fibonacci and Lucas sequences, we obtain

. l
lim sn—+r
n—00 qs(n+1)+r

a€(m+7) () La(n+1)+7) /2]

asn+r _ 6sn+r

= lim

A DD (gf) [enr 7]

lim

Q€+ (qp) LD+ /2] g 1 (g

as(n+l)+r _ ﬁs(n+1)+r
ﬁ)sn—i-r

nreo qEGUFD D) (gh) [En+r+1)/2]

(ab)=D/2(a = B) /o,
b(ab)*=2/2(a — B)/a®,
a(ab)*-D/2(a - B)/a*,

s L (ﬁ)s(nJrl)Jrr

for s odd,

for s and r even,

for s even and r odd.

Taking the reciprocal of Theorem 2.11, the next result follows.

Theorem 2.12. For r < s, we have

lim qs(n+1)+r _

n—=o0  lgpqr

qusille/qslrilefslQIL"'_(ab)(S—l?/?(%—ﬁ)’ for s odd,
O+?+ /1qb lzs?+1+1125%+~-~_m)s/?zcz—gﬂ)’ for s and r even,
O+6+a/(1q5) l25_2+1+l?57_2+"’:(ab)5/2aT—ﬁ)’ for s even and r odd.

10
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Proof. Knowing that

1 1
qs(n+1)+r _ and lim qS(’I’L+1)+’I‘ — lim ’
lanrr ZSTLJF”‘ n—o0 sn+r n—oo lSn+T
qs(n+1)+7‘ QS(n—&-l)-&-r
using Theorem 2.11, we get the result. O

Note that, for a = b =1, we get the following result.

Corollary 2.13.

L 1/F9 1 1
F, Ly 1+1+1y 2 dd
lim Ls’rL-‘rT :a_/BZ F5+L25_1+1+L25—2—|—-..’ fOT'SO :
o B @ op Mt 1 L 1
* 1 L25_2+1+L25—2+~-~’ fOTSfiven,
and
i " 1 ; dd,
lim Fsoiner — a® +1/Fs+l2571+1+L2572+”_ fors o
n—o00 - — B 1 1 Fs 1 1 1
— Lsn+'f“ (% 6 04+ = / for e

0+ 1 Los—2+ 1+ Log—2+ -7
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