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Abstract. We show that it is decidable whether the language generated by
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construct a regular tree grammar which generates that tree language.
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1. Introduction

Context-free grammars (for short: cfg) were introduced in [3] in order to describe
the structure of sentences and words in natural languages. Since then, a beautiful
theory of cfg has been evolved, ¢f. e.g. [6, 7]. In computer science cfg are used
to describe the structure of programming languages and play a crucial role in the
Document Type Definition (DTD) of the Extensible Markup Language (XML) as
well. The language generated by a I'-cfg G, i.e., a cfg over some alphabet I'; is
denoted by L(G) and called a context-free language.

In order to define well-formed terms, we use a special alphabet called a ranked
alphabet and three further special symbols. A ranked alphabet ¥ is an alphabet in
which we associate with each symbol a unique rank. The three special symbols are
the opening angle bracket “(”, the closing angle bracket “)”, and the symbol “#”.
The set of these special symbols is denoted by = and the alphabet ¥= containing
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the symbols of 3 and = is called a tree alphabet. Using the three special symbols
as separators, the Y-terms are defined in the standard way, i.e., each ¥-term is
a string o (&1# ... #&) over the tree alphabet ¥=, where o has rank k for some
natural number k, and &1, ..., & are Y-terms.

Since each Y-term can be depicted as a tree-like directed labelled graph, we
often refer to X-terms as X-trees. Moreover, a set of Y-trees is called a (formal)
Y-tree language. We denote the set of all ¥-trees by Ty and we call a ¥=-cfg G
tree generating if L(G) C Tyx.

To generate ¥-tree languages, among others regular tree grammars (for short:
Y-rtg) were defined [2, 4, 5]. The Z-tree language generated by a X-rtg G, denoted
by L(G), is called a regular Y-tree language. The connection between context-free
languages and regular tree languages has been thoroughly investigated. Among
others, it was shown that, for each language L, the following statements are equiv-
alent [2, 10]:

(1) L is a context-free language,
(2) L is the yield of a regular tree language.

Then several authors have exploited this strong connection, cf. e.g., [4, 11, 12].
Furthermore, each Y-rtg is evidently a tree generating ¥=-cfg. However, to the
best of our knowledge, it has not been cleared yet whether there exists a X-tree
language, which can be generated by a Y=-cfg but it is not regular. Hence, here
we deal with the following questions and answer them positively:

(Q1) Given a X=-cfg G, is it decidable whether G is tree generating?

(Q2) Given a X=-cfg G such that G is tree generating, is L(G) regular, and if yes,

can we effectively construct a X-rtg G such that L(G) = L(G)?

To answer the questions, we will consider the class of parenthesis grammars. A
I-parenthesis grammar [9] is a I'-cfg in which each rule has the form A — («),
where A is a nonterminal and « is a string over I'\ {(,)}. A language generated by
a I'-parenthesis grammar is called a I'-parenthesis language. Interestingly, we can
give a transduction ¢ such that, for each X-tree language L, the language o(L) is
a Y =-parenthesis language. (We note that there exists a ¥=-parenthesis language,
which is not an image of any X-tree language under .) We prove our results
by exploiting this connection between ¥-rtg and X=-parenthesis grammars and by
applying Knuth’s results [8]:
(R1) it is decidable, for a given I'-cfg G, whether L(G) is a I'-parenthesis lan-
guage and
(R2) for a given I'-cfg G such that L(G) is a I-parenthesis language, we can effec-
tively construct a I'-parenthesis grammar G’ such that L(G’) = L(G).

We mention that, for unranked trees, question (Q1) was answered positively
in [1].

Our paper is organized as follows. In Section 2 we recall the necessary notions
and notations. In Section 3 we recall the concept of cfg and of rtg, and results on
parenthesis grammars. In Section 4 we recall the concept of sequential transducer,
which will be useful to prove our results. Finally, in Section 5 we give our results.
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2. Preliminaries

2.1. Basic concepts

We denote the set {0, 1,2, ...} of nonnegative integers by N and we let N; = N\ {0}.
For every k € N, we let [k] = {i € Ny | i < k}. In particular, [0] = (. Furthermore,
we denote the set of integers by Z.

Let A be a set and R, S C A x A binary relations. The composition of R and
S, denoted by Ro S, is the set

RoS={(a,c)e Ax A|(Tbe A):(a,b)€ RA(bc) €S} .

We define, for each n € N, the n-fold composition of R, denoted by R™, by
R ={(a,a) |a € A} and by R" = R"~! o R for each n € N,.

2.2. Strings and trees

We assume that the reader is familiar with the fundamental concepts and results
of the theory formal languages [6, 7], and also of tree languages [4, 5].

An alphabet is a finite set. Let I' be an alphabet. A string (over T') is a
finite sequence aj ---ay with &k € N and a; € T for each ¢ € [k]. The length of
a1 - - - ay, denoted by len(a; - - - ax), is defined in the standard way. We denote by
' the set of all strings over I' and by ¢ the empty string. Each subset L C I'*
is called a language over I'. Moreover, for all v,w € I'*, we denote by vw the
concatenation of v and w, and the set of prefives of v, denoted by prefix(v), is
defined by prefix(v) = {u eI | (F' € T¥) 1 v =w'} .

A ranked alphabet is a tuple (3, rk), where X is an alphabet and rk : ¥ — N is
a mapping, called rank mapping, such that rk=*(0) # (. For all k € N, we let

>® ={sex|rk(o) =k} .

We always abbreviate (2, 1k) by X.

Next we define Y-trees. In the literature, Y-trees are defined by using the
opening and the closing parenthesis “(” and “)”, respectively, and the comma “”
as separators [4, 5]. In this paper, we will focus on these separators in trees
frequently. Since it is easy to confuse these separators with the two parentheses in
other formulas, we intentionally deviate and use the opening and the closing angle
brackets “(” and “)”, respectively, and the symbol “#” to define X-trees.

Let = be the set which consists of “(” and “)” and “#”. A tree alphabet %= is
an alphabet consisting of symbols of ¥ and Z, i.e., 25 = L UZ.

Let H be a set such that H N X= = (). The set of X-trees over H, denoted by
Tsx(H), is the smallest set T C (X= U H)* such that

(i) HC T and

(ii) if k€N, 0 € ) and &,...,& € T, then o (& # ... #&,) € T.
We abbreviate T () by Tx. A X-tree language (or just: tree language) is a subset
of TE.
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From now on, we let ¥ be an arbitrary ranked alphabet if not specified
otherwise.

3. Grammar models

3.1. Context-free grammars

Let T" be an alphabet. A context-free grammar over T' (for short: T'-cfg) [6, 7] is a
triple G = (N, S, R) where N is a finite set (nonterminals) with NNI'=0, S € N
(start symbol), and R is a finite set (rules); each rule has the form A — « where
A € N and « is a string over NUT, i.e., « € (N UT)*. Furthermore, we call each
element a € I' a terminal.

Let G = (N, S, R) be a I'-cfg and let 7 = (A — «) be a rule. We call A and «
the left-hand side and the right-hand side of r, respectively. Moreover, we call r a
chain rule (an e-rule) if & € N (if o = €, respectively). We say that G is chain-free
(e-free) if G does not have chain rules (e-rules, respectively).

The (leftmost) derivation relation = ¢ is defined such that, for every u € T'*,
v € (NUD)* and rule A — « in R, we have udy =¢ uay. If G is clear from
the context, then we abbreviate =¢ by =. For all v,w € (N UT)*, if v =™ w for
some n € N, then we say that this derivation has length n. As usual, we denote
the reflexive and transitive closure of = by =*, i.e., = = (J, .y ="

The language generated by G is the set

LG)={weTl"|S="w} .

For each L C T'*, we call L a context-free language if there exists a I'-cfg G such
that L(G) = L.

We call a nonterminal A € N useful (in G) if there exist u,w € I'* and v €
(N UT)* such that S =* uAvy =* w. Moreover, if every A € N is useful, then we
call G reduced [6, p. 78].

Lemma 3.1. [6, Thm. 3.2.3] If GG is a I'-cfg, then we can effectively construct a
reduced I'-cfg G such that L(G) = L(G).

Next we define parenthesis grammars and languages. They are normally defined
by using the opening and the closing parenthesis “(” and “)”. Later, in Section 5, we
will relate X-tree languages and parenthesis languages. Therefore, we will consis-
tently deviate from the convention and use the angle brackets “(” and “)” instead
of the usual “(” and “)”, respectively; however we keep the notions parenthesis
grammar and parenthesis language.

In the rest of this section, we let I' be an alphabet which contains the
angle brackets “(” and )7,

A T-parenthesis grammar [8] (or just: parenthesis grammar) is a I'-cfg G =
(N, S, R) such that each rule in R has the form A — (6) with 8 € (NUT\ {(,)})*.
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Table 1. Illustration of the content and the deficiency mappings,
and the notion balanced.

| w | c(w) | d(w) | balanced |
b

b | 0 [ 0 | e
) -1 1 no
(a 2 0 no

(a)b)y(b)y | —2 2 no

M [ 0 [ 3 | o

Observation 3.2. If G is a ['-parenthesis grammar, then G is chain-free and e-free.

We call a language L C T'* a I-parenthesis language (or just: parenthesis lan-
guage) if there exists a I'-parenthesis grammar G such that L(G) = L.

Here we draw attention to the following phenomenon. Let G be a I'-cfg such
that L(G) is a parenthesis language. Then it does not follow that G is a parenthesis
grammar. Rather, it follows that there exists a I'-parenthesis grammar G’ such that
L(G") = L(G). We will use this fact later.

The content mapping ¢ : T* — Z and the deficiency mapping d : T* — N [8] are
defined, for each w € I'*, as follows:

(i) if w =€, then we let ¢(e) = d(e) =0,

(ii) if w = a for some a € T, then we let

1 if a={
cla)=¢ -1 ifa=) and d(a) = {

0 otherwise

1 ifa=)

0 otherwise

and

(iii) if w = va with v € T* and a € T, then we let c(va) = ¢(v) + ¢(a) and
d(va) = max{d(v),d(a) — c(v)}.

Intuitively, for each string w € I'*, the values ¢(w) and d(w) show us the excess
of left parentheses over right parentheses in w and the greatest deficiency of left
parentheses from right parentheses in any prefix of w, respectively. A string w € T'*
is balanced if c¢(w) = d(w) = 0, and furthermore, a language L C I'* is balanced if
every w € L is balanced.

Observe that, for all balanced u, v € I'*, also uv is balanced. Furthermore, each
we (T'\ {(,)})* is balanced as well.

Example 3.3. Let I' = {a,b,(,)}. Table 1 shows, for some w € I'*, the values
of the content and the deficiency mappings, i.e., ¢(w) and d(w), respectively, and
whether w is balanced or not.

The next lemma shows an important property of parenthesis grammars and it
will be useful to prove the results in Section 5.
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Lemma 3.4. Let G = (N, S, R) be a I'-parenthesis grammar. Furthermore, let
A€ Nand w e I If A =* w, then w = (u) for some u € I'* such that u is
balanced.

Proof. We prove our statement by induction on the length of the derivation A =*
w. Assume that A = w. Then, since G is a parenthesis grammar, we have w = (u)
for some u € (I'\ {(,)})*. Hence u is balanced.

Now assume that A ="+! w for some n € N,. Then, since G is a parenthesis
grammar, there exist k € N, vg, v1,v9,...,v% in (C\{(;)})*, A1, A4s,..., A €N,
ny,Na,...,n € [n], and wy,wa, ..., w, € I'* such that

o w = (VoW1VIWaVa - - - WV ),

« A— <1)0A1’L)1A2’l)2 cee Ak’Uk> is in R,

o for each i € [k] we have A; =™ w;,

e ni+ns+...+nr=n,and

o we have

A=t <’U0A1U1A21}2 s Agug) =™ <U0w1U1A2’U2 cee Ak’Uk> =M =T

By LH., for each i € [k], we may assume that there exists u; € I'* such that
w; = (u;) and w; is balanced. Thus, for u = vowiviwavs - - - Wiy it holds that
w = (u) and w is balanced. This completes our proof. O

Let w € T'*. For every a,b € T, the terminals a, b are called associates (in w)
[8] if w = wavby’ for some u,v,v" € T'* and vb is balanced. A language L C T'* is
said to have bound associates if there exists a constant K € Ny such that for all
w = wav in L with u,v € I'* and a € T', the terminal a has at most K associates
in w.

Example 3.5. Let I' = {a,b, (,)}. We consider the I'-cfg
G=({S},S{S—e, S—aSb}) .

Then we have L(G) = {a™b" | n € N}. Moreover, G is obviously not a parenthesis
grammar. Now we consider the I'-cfg

G =({9hL5 {9 =, =Sy} .
Then, for each n € N, we have
S" =cr (aS'b) = (al-- (aS'b) -+ )b) = (al-- (a()b) -~ )b)

where both a and b occur n times. In particular, L(G’) contains the string “()”.
Clearly, G’ is a parenthesis grammar, and L(G’) is balanced and has bounded
associates.

Lemma 3.6. [8, Cor. 4] It is decidable, for arbitrary I'-cfg G and parenthesis
grammar Go, whether L(G1) C L(G5).

Theorem 3.7. ¢f. [8, Thm. 4] The following statements hold true.
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1. A context-free language is balanced and has bounded associates iff it is a
parenthesis language.

2. For each I'-cfg G, if L(G) is a parenthesis language, then we can effectively
construct a I'-parenthesis grammar G’ such that L(G’) = L(G).

The next result is an easy consequence of Theorem 3.7(1).

Corollary 3.8. Let G be a I'-parenthesis grammar and L C L(G) a context-free
language. Then L is a parenthesis language.

Proof. Since L(G) is a parenthesis language, by Theorem 3.7(1), L(G) is balanced
and has bounded associates. Clearly, also L is balanced. Moreover, since L(G) has
bounded associates, there exists a constant K € N, such that for all w = uav in
L(G) with u,v € T'* and a € T, the terminal a has at most K associates. Since
L C L(G), for all w = wav in L with u,v € T* and a € T, the terminal a has at
most K associates, i.e., also L has bounded associates. Hence, by Theorem 3.7(1),
L is a parenthesis language as well. O

Now we define a new subclass of context-free grammars, which we call tree
generating context-free grammars. Formally, for each ©=-cfg G, we say that G is
tree generating if L(G) C Tx.

In the next example we give a tree generating ¥=-cfg.

Example 3.9. Let ¥ = {w® 3}, We consider the ¥=-cfg
G=({SA4,B,C},S,R) ,
where
R={S—ASB) , S—»ACB) , A-w(C# , B=>#C , C—=p() }.
Then we have, e.g.,

S = ASB) = w(C#SB) = w(B#SB)
W(BQ#ACB)B) = w(B()#w(C#CB)B)

y#w(BO#CB)B) = w(B()#w(B(#6() B)B)
VH#W(BO#BOH#C)B) = w(BO#wW(BO#B(#5())B)
V#W(BOH#BO#BO)#C) = w(B(Hw(BO#BOH#LO))H#B() -

Evidently, L(G) C Ty, hence G is tree generating.

w(B(
w(p(
w(B(

3.2. Regular tree grammars

A regular tree grammar over ¥ (for short: Y-rtg) [2, 4, 5] is a ¥=-cfg G = (N, S, R)
such that each rule in R has the form A — n with 5 € Tx (V). Obviously, if A =* £
for some & € (X)*, then ¢ € Ty.
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The X-tree language generated by G is the set
LG)={¢eTs|S="¢&) .

We call each L C Ty, regular if there exists a X-rtg G such that L(G) = L. Observe
that each Y-rtg is a tree generating context-free grammar.

Example 3.10. Let ¥ = {w® A1 We consider the ¥-rtg G = ({S}, S, R),
where R = { S — w(B)#B0#60) , S — w(BO#S#6()) }. Fig. 1 shows, for
each n € N, the tree &, and the derivation of G for &,. In fact, L(G) = {&, | n €
N, }. One can show that, for the tree generating ¥.=-cfg G defined in Example 3.9,
we have L(G) = L(G).

4. Sequential transducers

To prove our results in the next section, it is necessary to recall the concept of
sequential transducer and the Sequential Transducer Theorem.

Let T and A be two alphabets. A (T, A)-sequential transducer (or just sequen-
tial transducer) [6] is a tuple S = (@, go, ) where @ is a finite nonempty set (states),
qo € Q (start state), and ¢ is a finite subset of Q@ x I'* x A* x @ (transitions).

Let S = (Q, 0, 0) be a (I', A)-sequential transducer. For all w € T'* and u € A*,
we have u € S(w) iff there exist k € N, wq,...,wr € T, uy,...,ur € A*, and
q1y---,qr € Q such that w = wy -+ wg, u = uy -~ ug, and (¢;—1,w;, u;,q;) € 0 for
each i € [k]. Moreover, for every L C T, we have

Sy = Sw) .

weL

We call a binary relation ¢ C I'* x A* a (T, A)-transduction (or just: transduc-
tion) if there exists a (I', A)-sequential transducer S such that S(w) = ¢(w) for
every w € I'*.

Lemma 4.1. [6, Thm. 6.4.3] (The Sequential Transducer Theorem) Let L C I'* be
a context-free language and S be a (I', A)-sequential transducer. Then S(L) C A*
is a context-free language as well.

5. Results

In this section we answer questions (Q1) and (Q2), which we proposed in the
Introduction. To answer these questions the following steps are necessary.

Let ¢ : (X5)* — (X%)* be the mapping such that, for each string w € (X=)*,
the mapping ¢ replaces every occurrence of ¢{ in w into (o simultaneously for all

o € . Formally, for every string

w = vgoy (vy - - - op (Vg over B
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¢ w TG w =5 = w
/1IN /N /N
8BS B B wp 8w B

/1IN /1IN
g S B A
.

/1IN

B BB

Figure 1. A derivation of the X-rtg G defined in Example 3.10 for
n € N1 and &,, where &, is the tree in which the symbol w occurs
n times.

Table 2. The illustration of the mapping .

with k € N, vg, vy, ..., v, € (X5)*, 01,...,04 € ¥ such that, for each i € {0,..., k},
there do not exist u,v € (¥%)* and o € X such that v; = uo (v, we have

p(w) = vo{orvy -+ {oRvE -

Example 5.1. Let ¥ = {w® g}, Table 2 shows ¢(w) for some particular w
over ¥=.

Now we give a (X=,¥%)-sequential transducer S such that, for all strings w
over ¥=, we have S(w) = ¢(w). Fig. 2 depicts that sequential transducer S =
({p,q},p,0) as follows. We represent every state ¢ € {p,q} as a circle with ¢’
in its center, the start state p by an ingoing directed edge with the label “start”,
and each transition (p’,u,v,q’) € ¢ by a directed edge from p’ to ¢’ with the label
u/v. In order to make our figure compact, we add the quantifications “(Vo € X) :7,
“(Va € Z) 27, or “(Va € E\{(}) :” to omit a few edges. Furthermore, the label of the
edge from ¢ to p consists of two lines representing concisely that (q,0(,{(c,p) € §
for every o € ¥ and (g, a, a,p) € 0 for each a in 2\ {(}, respectively. Observe that,
for each w over ¥.=, the set S(w) is a singleton set, and thus, we sometimes identify
S(w) with its one and only element.
The following result shows that ¢ is a (3=, £=)-transduction.

Lemma 5.2. For each w over =, we have S(w) = ¢(w).

Proof. We prove our statement by induction on the length of w. Clearly, for each
win = U {e} U {o(] 0 € T}, we have S(w) = p(w).
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Now let w = w'b for some w' € (X=)* and b € =, By LH., we may as-
sume that S(w’) = p(w’). By the construction of S, there exist £k € N, and
wi, ..., wy € (X)* such that w' = wy - wy and 1 < len(w;) < 2 for all i € [].
Furthermore, there exist u1,...,u; € (3%)* and qo,q1,--.,qx € {p,q} such that
S(w') =wuy---ug, g = p, and (¢;—1,w;,u;,q;) € 0 for each i € [k]. We consider
the next cases.

Assume that wy, = ao for some a in = U {¢} and 0 € ¥ and b = (. We have
(gp-1,a,a,q9) € § if a € ¥; and (gg—-1,a,a,p) € § if (a € E and ¢—1 = p) or
(a € E\ {(} and gx—1 = q). Since S(w’) = p(w’), we may assume that g1 # ¢
or a # (. Moreover, both (p,o(,{o,p) € 6 and (q,0(, (o,p) € §. Hence, S(w) =
uy - - - ug—1a{o, and furthermore, S(w) = p(w).

Otherwise, i.e., wy # ao or b # {, we have (qx, b,b,¢") € § for some ¢’ € {p,q},
and thus, S(w) = p(w). O

The next result is an immediate consequence of Lemma 4.1 using the (%=, ¥%)-
sequential transducer S given at the beginning of this section.

Corollary 5.3. Let G be a X=-cfg. There exists a ¥=-cfg G5 such that L(Gs) =
S(L(G)).

Next we show that S(Tyx) is a parenthesis language by constructing a X=-
parenthesis grammar Gy, such that L(Gyx) = S(Tyx). Let Gy = ({S}, S, R) be the
Y=-cfg such that

R={S — (0 S#S#...#S5) | ke N,oc e xM} |
N———

k-times
Clearly, Gy, is a parenthesis grammar.
Lemma 5.4. L(Gy) = S(Ty).

Proof. 1t is sufficient to prove that, for each w € (3%)*, the following statements
are equivalent.

1. S=5, w.

2. There exists £ € T, such that w = S(§).

(1 = 2). We prove it by induction on the length of the derivation. If S =¢. w,
then w = (a) for some a € ¥, and, clearly, for £ = a(), we have (a) = S(a()).

Now assume that S égzl w for some n € N. This derivation can be written in
the form

S =ay (0SH#HSH# ... #S) =4, (owiFwaf ... F#Fwg) =w

where S — (0 S#S#...#S) is in R, and by L.H., for each i € [k], there exists
& € Ty such that w; = S(&;). Then, for the tree £ = (&1 #E&H# . . . #Ek), we have
w=5(6).

(2 = 1). We prove it by structural induction on &. If € = a() for some o € (0,
then w = (). Since S — (a) is in R, we have S =g, w.
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VoeX) :o(/(o MoeX) :o0/o

. (Vo eX): o(/(o
(Ve €2) s a/a (vae2\{(}) : a/a

Figure 2. Tllustration of the (X%, %%)-sequential transducer S
given at the beginning of Section 5.

Now let & = o (&1 #E# ... #&,) for some k € Ny, 0 € B and &, &,...,& €
Tx. Observe that we have S(&) = (68(&1)#S(&2)# ... #S(&)). By L.H., for each
i € [k], we have S =, S(&). Since the rule S — (0S#S# ...#5) is in R, we
have

S =ay (OSH#SH - #5) =6, (0S(E)#S(E)# . #S(6) =S(E) =w .

Now we are ready to answer question (Q1) as follows.

Theorem 5.5. It is decidable, for an arbitrary L=-cfg G, whether G is tree gen-
erating.

Proof. By Corollary 5.3, there exists a ¥=-cfg Gs such that L(Gs) = S(L(G)).
Then we have

L(G) C Ts iff S(L(G)) CS(Ts) iff L(Gs) C L(Gy), (5.1)

where the second equivalence follows from Lemma 5.4. By Lemma 3.6 (for G; = Gs
and G2 = Gy), it is decidable whether L(Gs) C L(Gyx). Hence, by (5.1), it is
decidable whether L(G) C Ty, as well. O

Built upon the preceding result, we give an answer to question (Q2).

Theorem 5.6. Let G be a X=-cfg such that G is tree generating. We can effectively
construct a X-rtg G such that L(G) = L(G).

Proof. 1If G is a Y-rtg, then we let G = G and we are done, otherwise we proceed
as follows.

By Corollary 5.3, there exists a ¥=-cfg Gs such that L(Gs) = S(L(G)). More-
over, by (5.1), we have L(Gs) C L(Gy).

Since L(Gyx) is a parenthesis language, by Corollary 3.8, also L(Gs) is a paren-
thesis language. By Theorem 3.7(2), we can effectively construct a ¥=-parenthesis
grammar G’ = (N’, S, R') such that L(G') = L(Gs). Recall that, since G’ is a
parenthesis grammar, each rule in R’ has the form A — (#) such that A € N” and
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0 is a string over N’ UX U {#}. We note that, by Observation 3.2, G’ is chain-free
and e-free. Furthermore, by Lemma 3.1, we may assume that G’ is reduced.

Let A € N’, 0 be a string over N'UX U {#}, and £ = o (&1 #E&# ... #&) in Ty
for some k € N, 0 € £ and &,&,...,& € Ts. We claim that

if A= (0) =5 S(€) , then 0 = cAi# Ay .. #A,,

5.2
for some A;, Ay, ..., A € N with A; =&, S(&) for all i € [k] . (5:2)

Now we prove (5.2). Since G’ is a parenthesis grammar, by Lemma 3.4, there do
not exist B € N’ and v € prefix(cS(&1)#S(§2)# . . . #S(&k)) such that B =¢, 7,
and thus, = g6’ for some string §’ over N'UXU{#}. We proceed by case analysis.

Assume that k = 0. Then ¢ = a and € = () for some o € £ and hence,
S(a()) = (a). Furthermore, since G’ is a parenthesis grammar, we have § = o and
0 =e.

Now assume that & > 0. Then, since ( is in prefix(S(&)#S(&2)# ... #S(&))
and G’ is a parenthesis grammar, we must have §’ = A16” for some A; € N’ and
string 6" over N' U X U {#}. Since G’ is a parenthesis grammar, by Lemma 3.4,
for all w € (¥%)*, if Ay =%, w, then w = (u) for some u € (¥=)* such that u
is balanced. The one and only way to satisfy the aforementioned requirement on
Ay with respect to A =¢ (0410") =F, S(§) is that if Ay =, S(&1). (Observe
that, since G’ is a parenthesis grammar, we have A, =¢ (01) =5, S(§1) for some
string 6, over N’ UX U {#}, which satisfies the condition of (5.2) as well.) Then,
since G’ is a parenthesis grammar, by Lemma 3.4, there do not exist C € N’
and v € prefix(#S(§2)# ... #S(&k)) such that C' =7, v, and hence, 6" = #0
for some string 6 over N’ U $ U {#}. Putting these together, we currently have
0= (aAl#é). Clearly, by continuing our argumentation in a similar way, we can
show that 6 = cA1#As# ... #A, and that A; =%, S(&) for all ¢ € [k]. This
completes the proof of (5.2).

It follows from (5.2) that each rule in R’ has the form A — (0 A1 #Ax# ... #A)
with k € N, 0 € *) and A, Ay, Ay, ..., A € N'.

Next we can effectively construct the Y-rtg G = (N',S’, R”) such that A —
0<A1#A2# e #Ak> isin R iff A — <0A1#A2# e #Ak> isin R'.

We claim that, for all A € N’ and £ € Ty, we have

A=5 S iff A=5E . (5.3)

Next we prove (5.3) by structural induction on &. Let £ = a() for some a € %9,
Clearly, we have S(a()) = («). Moreover, we have

A= (o) ff A= (a)isin R if A— o) isin R" iff A=F o) .

Now let & = o(&#E# ... #&) with k € Ny, 0 € ) and &,&,...,& € Tx.
For every Ay, As,..., Ay € N’ the rule A — (c A1 #AxF# ... #A;) exists in R iff
the rule A — o(A1#Ax# ... #A) exists is in R”. Moreover, by I. H., for each
i € [k], we have A; =7, S(&) iff A; =§ &. So, we have

A= (oA#AH . #A) =5 (0S(E)#AH .. #AL)
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=G (0S(E)#S8(&2)# - .- #5(&k)) = S(§)

if and only if

A =g o(Ai#Aott . #AL) =5 o(E# Aot . #AL)
=g o(G#o#t . H#) =€ .

Therefore, for each £ € Ty, we have

S(€) e L(@) iff 8" =, S(€) iff DS =% ¢ iff € € L(G)

where at (x) we used the fact that S =7, S(¢) iff S =5 £ by (5.3). O
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