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Abstract

In this work we study some combinatorial properties of hyper-Fibonacci,
hyper-Lucas numbers and their generalizations by using a symmetric algo-
rithm obtained by the recurrence relation a® = ua®=1! + va®_;. We point
out that this algorithm can be applied to hyper-Fibonacci, hyper-Lucas and

hyper-Horadam numbers.
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1. Introduction

The sequence of Fibonacci numbers is one of the most well known sequence, and
it has many applications in mathematics, statistics, and physics. The Fibonacci
numbers are defined by the second order linear recurrence relation: F,,.1 = Fj, +
F,—1 (n > 1) with the initial conditions Fy = 0 and F; = 1. Similarly, the Lucas
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numbers are defined by L,11 = L, + L,—1 (n > 1) with the initial conditions
Ly = 2 and L; = 1. There are some elementary identities for F,, and L,,. Two
of them are Fs+ Ly = 2F,q and Fs— Ly = 2Fs_1. These will be generalized in
section 2 (see Theorem 2.5).

The Fibonacci sequence can be generalized to the second order linear recurrence
Wy (a,b;p, q), or briefly W,,, defined by

Wn+1 = an + an—la

where n > 1, Wy = a and W; = b. This sequence was introduced by Horadam [7].
Some of the special cases are:

i) The Fibonacci number F,, = W,,(0,1;1,1),
it) The Lucas number L, = W, (2,1;1,1),
i1t) The Pell number P, = W, (0,1;2,1).

In [4], Dil and Mez6 introduced the “hyper-Fibonacci” numbers Ff(f) and “hyper-
Lucas” numbers Lg). These are defined as
FO=3N"F"Y with F =F,, F"” =0, F{" =1,

k=0
n

LY =300 with L =Ly, LY =2, L) =2r +1,
k=0
where r is a positive integer, moreover F,, and L,, are the ordinary Fibonacci and

Lucas numbers, respectively. The generating functions of hyper-Fibonacci and
hyper-Lucas numbers are [4]:

> t > 2t
Frym — LI = :
nz::on 1—t—t2)(1-t)"’ ;::o " 1—t—t2)(1-1t)"

Also, the hyper-Fibonacci and hyper-Lucas numbers have the recurrence relations
F,(f) = Fét)l + F,(f_l) and Lgf) = LEQl + Lg_l)7 respectively. The first few values
of Fér) and Lsf) are as follows [2]:

F1:0,1,2,4,7,12,20,33,54,. . ., F(?:0,1,3,7,14,26,46,79, . ..
LV: 23 6,10,17,28,46,75,. .., L®:2511,21,38,66,112, .. ..

Now we introduce the hyper-Horadam numbers Wr(f) defined by
WO =W WD with WO =w,, W =Wy =a

where W,, is the nth Horadam number. Some of the special cases of hyper-Horadam

number W,(LT) are as follows:
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i) It W = F, = W,(0,1;1,1) and W™ = Wy = F, = 0, then W,\"’ is the
hyper-Fibonacci number, that is, Wy(f) = Fér).

i) I W\ = L, = W,(2,1;1,1) and W™ = Wy = Ly = 2, then W, is the
hyper-Lucas number, that is, WT(LT) = LE«LT).

iii) W = P, = W,(0,1;2,1) and W™ = Wy = Py = 0, then W\ is the
hyper-Pell number, that is, Wy) = PT(LT).

The paper is organized as follows: In Section 2 we give some combinatorial
properties of the hyper-Fibonacci and hyper-Lucas numbers by using a symmetric
algorithm. In Section 3 we generalize the symmetric algorithm introduced in section
2 and, in addition, we generalize the hyper-Horadam numbers as well.

2. A symmetric algorithm

The Euler—Seidel algorithm and its analogues are useful in the study of recurrence
relations of some numbers and polynomials [2, 3, 4, 5]. Let (a,,) and (a™) be two real
initial sequences. Then the infinite matrix, which is called symmetric infinite matrix
in [4], with entries a® corresponding to these sequences is determined recursively
by the formulas

a?L:an, ag =a" (n>0),

afF =aft4ak | m>1,k>1),

n n

i.e., in matrix form

S

The entries a® (where k is the row index, n is the column index) have the following
symmetric relation [4]:

k . n
kL n+k—i—-1\ ; n+k—s—1\
ay = ;_1( n—1 )aO—I—SE_l( k1 ay. (2.1)

Dil and Mez6 [4], by using the relation (2.1), obtained an explicit formula for
hyperharmonic numbers, general generating functions of the Fibonacci and Lucas
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numbers. By using relation (2.1) and the following well known identity [6, p. 160]
[t c+1
()= () &
we have some new findings contained in the following theorems.

Theorem 2.1. Ifn>1,r > 1 and m > 0, then

Feen =3 (T e
s=0

Proof. Let a2 = F,ET% and af = Fl(mHL) = 1 be given for n > 1. If we calculate the
elements of the corresponding infinite matrix by using the recursive formula (2.1),

it turns out that they equal to

Fl(m) FQ(m) FS(TTL) F4(’m)
F1(m+1) F2(m+1) F?Serl) Fierl) .
Fl(m+2) F2(m+2) F3(m+2) Fém+2) I (23)

From relation (2.1) it follows that

i=1 s=1
7T n+r—1 “\(n+r—s (m)
() )
i=0 s=0

- ’I’L+k - T+b (m)
-5 () e ()
k=0 b=0

where k =7 —i and b = n — s. From (2.2), we have

n n+1
rel n+r+1 r+b (m) r+b (m)
Apt1 = ( n+1 + Z r F b0 Z r LIS
b=0

Then the matrix (2.3) yields

n—1 n
_ p(mer) rT+b0—1\ (m) n+r—s—1\ ,um
a:zl_anT_Z( r—1 anb_z r—1 Fsl'

b=0

Thus the proof is completed. O

We then can easily deduce an expression for the hyper-Fibonacci numbers which
contains the ordinary Fibonacci numbers.
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Corollary 2.2. If n>1 and r > 1, then
() _i<n+rsl)F
! s=0 r-1 ’
where Fy is the sth Fibonacci number.
The corresponding theorem for the hyper-Lucas numbers is as follows.
Theorem 2.3. Ifn>1,r>1 and m > 0, then

e N (s T

s=0

Proof. Let ag = L§Z") and af = Lém+n) = 2 be given for n > 1. This special case
gives the following infinite matrix:

Lém+1) Lgm—&-l) Lém+1) LénH_l) o
L(()m+2) Lgm+2) LéerQ) Lgm+2) IE (2.4)

From the relation (2.1) we get that

n

Tir n+r—i—1 n+r—s—1\ m
e (e ()

i=1

1
n—|—r—z—2 n+r— 8—2 (m)
—25 ( )—FE ( )LS+1
=0
n—1

_22<n+k >+Z(7‘1311>L£}m)b7
b=0

where k=7 —i—1and b=n— s — 1. From (2.2), we have
1 n
r_ofnt+tr—1 X r+b—1 m r+b—1\  (m)
() g e g (e
Then the matrix (2.4) yields
ro_ o (mar) _ = r+b—1 (m) _ & n+r—s—1 (m)

this completes the proof. O
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Corollary 2.4. If n>1 and r > 1, then

r) _ n+r—s—1
Ln _Z( r—1 L87

s—
where L,, is the nth Lucas number.

Theorem 2.5. Ifn>1 and r > 1, then
i) )+ L) =287,
i) F — L) =2k Y.

Proof. From Corollaries 2.2 and 2.4, we have

FT(LT)+L$:)Z(n+r—s—1> (Fu+ L)

e r—1
= i (n—i—:: f - 1> (2Fi41) = 2F),
s=0
and
R L0 = zn: (” e 1) (Fy — Ly)
s=0
B ey o
s=0
Theorem 2.6. Ifn>1 and r > 1, then

ZFTSS) - Fgl —dn-1
s=0

Proof. From Corollary 2.2, we have
S-S (507 -2 (5 070)
s=1 s=1 \t=0

From (2.2), we obtain
- (s) _ “(n+r—t _n+1 n+r—t )
L G

Thus

T

STF® =B - P O
s=0
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Theorem 2.7. Ifn>1 and r > 1, then

r

ST = L)~ Looa
s=0

Proof. The proof is similar to the proof of Theorem 2.6. O

3. A generalized symmetric algorithm

In this section we generalize the algorithm for determining a® in the symmetric
infinite matrix. To this end we fix two arbitrary, nonzero real numbers v and v.
Then our new algorithm reads as

a, = an, aj=a" (n>0),

=waF ' 4wd | (n>1,k>1).

a n

S&™ 30°

That is, the symmetric infinite matrix now can be constructed in the following way:

It can easily be seen that (2.1) generalizes to
. th—i—1 - th—s—1
ak = Zv”ukﬂ (n n_ i ) ag + E:U"*Su/C <n b — f ) al. (3.1)
i=1 s=1

As an application, we can generalize the hyper-Horadam number as
W (u,v) = uW T + UWT(LT_)l

where u and v are two nonzero real parameters and the initial conditions are
W,SO) (u,v) = Wy (a,b;p,q) = Wy, and Wén)(u,v) = Woy(a, b;p, q) = a. Some special
cases of the hyper-Horadam numbers W7(,,T)(u7 v) are:

i) If W,(LO)(u,v) = F,(LO)(U,U) = F, and Wo(n)(u,v) = Fé") (u,v) = 0, then we
have the generalized hyper-Fibonacci numbers defined as

F (u,v) = uF TV + vF,ET_)17
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i) If w0 (u,v) = L;O)(u,v) = L, and Wén)(um) = L(()n)(u, v) = 2, we have
the generalized hyper-Lucas number defined as

L0 (u,v) = uLT™Y 4+ oL )

n—1»

it) If Wi (u,v) = pY (u,v) = P, and Wén) (u,v) = Po(n)(u, v) = 0, we have
the generalized hyper-Pell number defined as

P (u,v) = uP{TY + uPr(Ql.
By using (3.1), Theorem 2.1 generalizes to the following Theorem.

Theorem 3.1. Ifn>1,r > 1 and m > 0, then

W) (u,0) = a ( 0 )n {1 — 1By (r,n) (”” N 1)}

1—u n—1

- _s(n+r—s—1
+ urzlv" ( 1 ) W (u,v).

r—

where By (r,n) is the incomplete beta function [1].

Proof. The incomplete beta function B, (r,n) appears when we would like to eval-

uate the sum .
Tz_: <n +k— 1) o
k=0 k

This sum equals to

o e ()]

This is the most compact form we could find. The other parts of the proof are
the same as the proof of Theorem 2.1, if we use relation (3.1) and assume that

ad = wim™ (u,v) and af = Wém+n) =a. O

Corollary 3.2. If n>1 and r > 1, then
v " n+r—1
(r) - _ -
w (u,v)—a<1u> {1 rBu(r,n)< "o 1 )}
» = nes (M+r—5—1
+u E_lv < ro 1 )Ws.

From these results we have some particular results for the hyper-Fibonacci,
hyper-Lucas, hyper-Pell numbers and their generalizations such as

FO) = (") R
s=1
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(r) _ v " _ n+r—1
L) (u,v) 2(1—u> {1 rBu(r,n)< n_1
r - nes (n+r—s—1
+u Z:l’l) ( r—1 )st
P =y (T
s=1

Pr(zr):Z(n+::f_1)Ps,

s=1

where F, L, and P, is the s** Fibonacci, Lucas and Pell number, respectively.
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