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AN ASSOCIATIVE ALGORITHM
Gyula Maksa (KLTE, Hungary)

Abstract: In this note we introduce the concept of the associative algorithm with
respect to an interval filling sequence, we characterize it and we show that the regular
algorithm is associative with respect to any interval filling sequence.

1. Introduction

Let A be the set of the strictly decreasing sequences A = (\,,) of positive real
numbers for which L(A) := i An < 400. A sequence (\,) € A is called interval
filling if, for any x € [O,L(/\Silthere exists a sequence (d,,) such that 6, € {0,1}
for all n € IN (the set of all positive integers) and = = iojl OnAn. This concept has

been introduced and discussed in Daroczy—Jarai-Katai [3]. It is known also from
[3] that A = (A\,,) € A is interval filling if and only if A, < L, 4+1(A) for all n € IN

where L,,(A) = > A\, (m € IN). The set of the interval filling sequences will be
denoted by IF. -

An algorithm (with respect to A = (\,) € IF) is defined as a sequence of
functions ay,: [0, L(A)] — {0,1} (n € IN) for which

T = Z an () An (x € [0, L(A)]).
n=1

We denote the set of algorithms (with respect to A = (A,) € IF) by A(M).
Obviously, A(A\) # 0 for all A € IF. Namely, it was proved in [3] that, if
A= (\p) € IF and

n—1
0, ifz< E Ei(x)\i + A\,
8n(x) = :l:_ll
L ifz> 3 E(z)hi+ Ay, (n € IN, z €[0,L(N)])

=1
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or

(x) = =i
L ifz> 3 E(@)Ai + Luta (D), (n e IN, z €[0,L(N)])

gl

n

then & = (&,) € A(\) and & = (&) € A(N). The algorithms £ and &' are
called regular and anti-regular algorithms, respectively. In general, there are much
more algorithms with respect to an interval filling sequence. They are described
and characterized in Daroczy—Maksa—Szabo [4]. The purpose of this paper is to
introduce the concept of associative algorithm with respect to an interval filling
sequence, to characterize it, and to show that the regular algorithm is associative
with respect to any interval filling sequence.

2. The regular algorithm is associative

Definition. Let A = (\,) € IF and (ay,) € A(M). Then the algorithm (a,) is
associative if the binary operation o: [0, L(A)] x [0, L(A\)] — [0, L(\)] defined by

(1) zoy= Y an(@)an(y)n (z,y € [0, L(N)])
n=1

is associative, that is,

(xoy)oz=uxo0(yoz) (z,y,z € [0,L(N)]).

Obviously, the operation o is well-defined by (1) and it is commutative, i.e.,

roy=youx forall z,y € [0,L()\)], and idempotent, i.e., zox = 3 a,(z)?\, =

n=1

118

an ()M, = x for all z € [0, L(N\)]. First we prove the following

n=1

Theorem 1. Let A = (\,) € IF, a = (ay,) € A(N). Then « is associative, if and
only if, a(z oy) = a(x)aly), that is,

(2) an(zoy) = an(z)an(y) (n € IN; z,y € [0, L(N)]).
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Proof. Suppose that (2) holds. Then, for all z,y,z € [0, L(\)], we have
(zoy)an(2)A\, = Z an () an (y)an (2) A\, =

(xoy)

x)an(yo2)A, =z o0 (yoz).

HMS HM8

On the other hand, suppose that « is associative. Then, by idempotency, xoy =
(xox)oy=uwmo(xzoy), that is,

Zanxoy n—zan Jan(zoy)dn  (z,y € [0, L(A)])

whence .

Z 1—ap(@)an(xzoy), (z,y € [0,L(N)]).
This implies that (1 — ay, (z))an (z o y) = 0, that is,
(3) an(z0y) = an(z)an(zoy) (n € IN; z,y € [0, L(N)])
and, by interchanging x and y, we obtain
(4) an(z0y) = an(y)an(z oy) (n € IN; z,y € [0, L(N)]).

Since a2 (t) = ay(t) € {0,1} for all t € [0, L()\)] and for all n € IN, (3) and (4)
yield

(5) an(zoy) =ai(zoy) = an(x)an(y)oi(zoy) < an(z)om(y)

for all z,y € [0, L(A)] and n € IN. Therefore, by (1),

O=zo0y—(zoy) = Z () (Y)An — Zan(x oY)A

whence, by (5), (2) follows. Thus the proof is complete.

The following characterization of the regular algorithm, which is due to
Daroczy, Jarai, Katai and Szabo (personal communication), is the other tool for
proving the associativity of the regular algorithm.
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Theorem 2. Let A = (\,) € IF and z = Z tnAn, with some (t,): IN — {0,1}.
Then t, = E,(x) for alln € IN, if and only Lf,

(6) k € IN and ty, = 0 imply that A\ > Z tii.
i=k+1

Proof. First suppose that ¢, = £,(x) for all n € IN and let k € IN be fixed. Then,
by definition, & (z) = 0 implies that

x_25 /\<ZS )i + Ak,

whence
i=k i=k+1 i=k+1

that is, (6) holds.

Next, suppose (6) to be hold. Futrhermore suppose, in the contrary, that ¢,,, #
Eny (x) for some ng € IN while t; = &;(x), 1 € {1,...,no—1} ({1,...,ng—1} =0
if ng = 1). Then

no— 1
z = Zt)\ + b Any + Z tidi =
i=ng+1
(7) pot i
= Z tidi + Eng (2) Ay + Z Ei(x)A
i=1 i=no+1
If £,,(x) =1 then t,, =0, so (7) gives the contradiction to (6):
oot Z Ei(x)Ni > 0.
i=no+1 no+1

If £,,(x) =0 then t,, = 1 so, by the definition of &,,(z), we have

no—1 no—1 no—1

Zt)\+/\n0+ Z tA_a:<Zs A Ang = D tidi + Ang
i=1

i=nop+1

which is impossible again. Thus the theorem is proved.

Now we are ready to prove our main result.
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Theorem 3. The regular algorithm £ = (&), with respect to any interval filling
sequence A = (\,) is associative.

Proof. We shall prove that
En(zoy) =En(x)En(y) (n € IN; z,y € [0,L(N)]).

Let z,y € [0, L(\)], k € IN and E(x)Ek(y) = 0. Then, by Theorem 2,

e > Y E@hi = Y E@)EA if &) =0 and
i=k+1 i=k+1

e > Y SN = Y E@EmN i Ex(y) =0.
i=k+1 i=k+1

Therefore, in both cases,
Ae > > Ei@)E(y)Ai.
i=k+1
Applying Theorem 2 again, we have that &, (z o y) = &,(x)Ex(y) for all n € IN.

Finally, the associativity of £ follows from Theorem 1.

3. Remarks

1.IfX=(\,) € IF, € = (&,) € A(]) is the regular algorithm and
(8) zoy = En(2)En(y)hn (z,y € [0, LN)])
n=1

then ([0, L(A)], o) is an abelian semigroup with unit element L(\) in which zoxz =«
for all x € [0,L(\)], that is, each element is idempotent. While the semigroup
operation o is continuous in bot variables at all but at most countably many points
and also it is “strictly monotonic” in some sense (see [4]) in both variables, it cannot
be representable in the form

zoy=¢ ' (p(z) +¢(y)) (z,y € [0, L(N)])

with some injective function ¢: [0, L(A)] — IR (cf. Aczél [1] or Craigen—Pales [2])
because of the idempotency.
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2. Let A= (\,) € IF and &' = (&]) be the anti-reqular algorithm with respect to
it. We shall show that £’ is associative, i.e., the operation

wxy =Y En(@)E(y)I (z,y € [0, L(V)])

is associative, if and only if,
(9) gn(x+y_xoy)+gn(xoy):gn(x)+gn(y)

holds for all n € IN; z,y € [0, L(\)] where o is the associative operation defined by
(8) and (&,) is the regular algorithm.

Indeed, the connection
(10) E(x)=1-E&,(L(\) — ) (ne IN; z €[0,L(\)])

between the regular and anti-regular algorithms can easily be seen. On the other
hand, by (10) and (8), we have

L) = [(L(A) —2) * (L ZA —25' A) = 2)EL(L(A) —y)An =

=Y M- -&@)l &) =ac+y-zoy

n=

for all z,y € [0, L(XA)]. Thus, again by (10),

(11) En(wt+y—wzoy)=1-=&((L(N) — ) = (L(A) —y)).

Therefore, by Theorems 1 and 3, (11) and (10) imply that (£),) is associative, if
and only if,

—

En(zty—aoy)=1-E (L) —2)E(L(N) —y) =
=1-(1-&u@)(1 = En(y)) =
=&n(2) + Enly) — En(2)En(y) =
= En(@) + Enly) — En(z oY)

for all z,y € [0, L(A)]; n € IN which proves (9).

3. The existence of associative algorithms different from the regular one is still
unknown. We have only partial results. To present these, we need the following
concept (see [4]): If A = (A,) € IF, a € [0,L()\)] and &,(a) = an(a) for all
(a) € A(N) and n € IN (where (£,) is the regular algorithm), we say that the
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number a is uniquely representable. The set of uniquely representable numbers will
be denoted by U(A).

(a) The only associative algorithm with respect to the interval filling sequence
A= (—n) is the regular one.

Indeed, suppose that (a,) € A(N), (an) is associative and (an(x)) #
(En(x)) for some x € [0,1]. Then, by the definition of the regular algorithm,
there exists ng € IN such that «;(z) = &(x) for i € {1,...,n90 — 1} and
Qo () = 0, Eyy () = 1. Therefore

x = Z&(x)% = Zai(x)
i=1 i=1

implies that

1 - 1
ae= Y (eule) — £l
i=no+1
This holds only if «;(z) — &(x) = 1, that is, o;(z) = 1 and &;(z) = 0 for i > ny,
no—1 no—1
S0 x = OZ &i(z) 55 + 55 Define the numbers a = OZ Ei(@) 5 + 55 + Z Sig
3 =1 i=ng+1
and b = E o7 + E (1 — 8;) 2 where 6po4; = 0 if i is odd and 6peqs = 1 if i
i=ng+1
is even positive integer. Obviously a,b € U(X) and aob = Y ap(a)an(b)5r =
n=1

118

En(a)€n(b) 5 = x. Thus, applying Theorem 1, we get

n=1

1= ano-i-l(x) = ano+1(a o b) = ano+1(a)ano+1 (b) = 57’Lo+1(1 - 57’Lo+1) =0

which is a contradiction.

(b) IF A = (\,) € IF and 10, L(A)[NU(X) # 0, that is, there exists uniquely
representable number in the interior of [0, L()\)], then the anti-regular algorithm
& = (&) is not associative.

Indeed, suppose in the contrary that £’ is associative. Then, by our second
remark, we have (9). Let furthermore z €]0, L(A\)[NU(A) and N € IN such that
En(z) =0 and Eyy1(x) = 1. The numbers

o0

Z Ei(x)A; and v = Z (1—=E&i(x)\;

i=N+1 i=N+1
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are uniquely representable again,

wov =3 EWE W = Y En(w)En(v)An =

D En(@)(1 = En(x)An =0

n=N+1
andu+v= > A, = Lypt1(N). Thus, by (9),
n=N+1

0, ifn<N
En(Lny1( V) =&n(ut+v—uov)+ & (uov) =Ey(u) + E(v) = { 1 ifn>N.
Taking into consideration the definition of the regular algorithm, this implies that
Ly+1(N\) < An which contradicts the interval fillingness of (Ay).

References

[1] AczEL, J., Lecetures on Functional Equations and Their Applications, Aca-
demic Press, New York and London, 1966.

[2] CRAIGEN, R. AND PALES, Zs., The associativity equation revisited, Aequa-
tiones Math., 37 (1989), 306-312.

[3] DAROCZY, Z., JARAI, A. AND KATAI, 1., Intervallfiillende Folgen und vollad-
ditive Funktionen, Acta Sci. Math., 50 (1986), 337-350.

[4] DAROCZY, Z., MAKSA, GY. AND SzABO, T., Some regularity properties of
algorithms and additive functions with respect to them, Aequationes Maith.,
41 (1991), 111-118.

Gyula Maksa

Lajos Kossuth University

Institute of Mathematics and Informatics
4010 Debrecen P.O. Box 12.

Hungary

E-mail: maksa@math.klte.hu



